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TECHNICAL  REPORT  SUMMARY 


Contract  Objective 

The  objective  of  this  recearch  program  is  to  investigate  the 
practical  application  of  the  finite  element  method  to  predicting  the 
behavior  of  underground  openings  in  discontinuous  rock,  simply  and 
realistically.  The  scope  of  the  program  includes:  (1)  literature 
surveys  to  evaluate  the  nonlinear,  stress-dependent  and  anisotropic 
properties  of  rock  types  and  discontinuities,  «2)  the  establishment 
of  modeling  criteria  for  arbitrary  excavation  sequences,  finite 
element  meshes,  rock  behavior  and  discontinuity  behavior,  (3)  analyses 
of  underground  openings  to  evaluate  the  effects  of  opening  shape, 
excavation  sequence,  initial  stress  values  and  orientations,  material 
properties  and  discontinuity  orientation  and  properties,  (A)  analyses 
of  the  relative  importance  of  the  parameters  investigated,  and  (5)  a 
case  history  example  to  demonstrate  the  applicability  of  the  techniques 
presented . 

General  Approach  and  Technical  Results 

The  initial  studies  were  oriented  mainly  toward  establishing  finite 
element  modeling  criteria  and  parameters  for  use  in  subsequent  analyses. 

In  Chapter  2,  the  modeling  techniques  for  finite  element  analyses  of 
underground  openings  are  presented.  In  this  chapter,  the  salient  features 
and  advantages  of  the  finite  element  method  are  briefly  discussed  and  a 
generalized  procedure  for  incremental  excavation  analysis  is  presented  and 
its  general  applicability  is  demonstrated.  A  number  of  analyses  were  con¬ 
ducted  to  establish  minimum  criteria  for  the  design  of  finite  element  meshes 
for  underground  openings  and  the  results  of  these  analyses  are  presented  in 
the  form  of  several  typical  meshes  for  use  in  subsequent  analyses. 

An  extensive  literature  survey  was  conducted  to  evaluate  the  properties 
of  rock  types  for  use  in  analyses  and  to  examine  the  applicability  for  rock 
of  simple,  practical  stress-strain  relationships  recently  proposed  for  soil. 

The  results  of  this  study  show  that  these  relationships  simulate  the  nonlinear, 
stress-dependent  behavior  of  rock  quite  well.  The  results  of  the  literature 
survey,  which  included  163  values  under  uniaxial  test  conditions  and  115  values 


under  triaxial  test  conditions,  were  tabulated  and  analyzed.  It  was 
found  that  for  certain  classes  of  rock,  material  properties  varied 
little  and  that  nonlinearity  and/or  stress-dependency  was  sometimes  a 
minor  factor  in  the  behavior.  Furthermore,  this  survey  showed  the 
degree  and  importance  of  anisotropy  of  the  material  properties.  Details 
of  the  above  are  included  in  Chapter  3- 

Chapter  4  presents  the  results  of  analyses  whiv.h  were  conducted 
to  investigate  the  importance  of  material  properties,  initial  stresses, 
excavation  operations  and  opening  shapes  on  the  final  stresses  and 
displacements  around  underground  openings  in  homogeneous  rock  masses. 

The  results  of  these  analyses  show  that  opening  shape,  initial  stress 
magnitude,  initial  stress  orientation  and  gra'  ‘ty  initial  stresses,  when 
shallow,  effect  the  resulting  stresses  and  displacements  considerably, 
while  the  modulus,  in  a  linear  analysis,  or  the  initial  tangent  stiffness 
and  stress-dependency  in  a  nonlinear  analysis,  greatly  effect  the  dis¬ 
placements.  Poisson's  ratio  variations  cause  relatively  small  effects 
on  the  stresses  and  displacements  and  all  other  parameters  cause  minor, 
if  any,  variations.  It  should  be  noted  that  in  all  of  these  analyses, 
representative  strength  parameters  were  used.  The  mobilized  shear 
stresses  which  resuited  were  small  and  subsequently  no  shear  failures 
occurred.  Furthermore,  tension  zones  were  allowed  to  develop  and  no 
analysis  modifications  were  made  to  account  for  tension  failure. 

In  Chapter  5  generalized  analytical  results  are  presented  which 
evaluate  the  significance  of  discontinuity  stiffness  and  orientation 
on  the  resulting  stresses  and  displacements  around  underground  openings 
in  rock  containing  a  single,  prominent,  planar  discontinuity.  The 
results  of  these  analyses  show  that  the  stress  changes,  i.e.,  load  trans¬ 
fer,  become  more  substantial,  tension  zones  increase,  normal  and  shear 
stresses  on  the  discontinuity  decrease  and  displacements  increase  as  the 
discontinuity  becomes  softer.  These  changes  are  very  significant  when 
M  (discontinuity  rodjlus/rock  modulus)  goes  from  1  to  10,  are  fairly 
important  when  M  gees  from  10  to  100  and  are  small  when  M  goes  from  100 
to  1000. 

-  i  i  i  - 


When  the  planes  of  the  discontinuity  and  the  minimum  principal 
stress  coincide,  a  substantial  reduction  occurs  in  the  dimensionless 
Oj  values,  the  dimensionless  normal  stresses  on  the  discontinuity 
are  greatest,  the  discontinuity  compression  is  greatest  and  the  inward 
displacements  are  least.  When  the  planes  of  the  discontinuity  and  the 

maximum  principal  stress  coincide,  a  substantial  increase  occurs  in 

the  dimensionless  values  in  the  discontinuity  with  a  decrease 
adjacent  to  the  discontinuity,  the  dimensionless  shear  stresses  on  the 
discontinuity  are  greatest,  the  discontinuity  compression  is  least  and 
the  inward  displacements  are  greatest.  When  the  discontinuity  is  at 

**5°  to  the  initial  principal  stresses  and  as  the  discontinuity  becomes 

softer,  the  dimensionless  Oj  values  in  the  discontinuity  become  equal 
to  one  and  the  dimensionless  values  in  the  discontinuity  become  equal 
to  K,  the  ratio  of  initial  minor  to  major  principal  stresses.  All  other 
changes  are  minor. 

An  extensive  literature  survey  was  conducted  to  evaluate  the  properties 
of  discontinuities  which  may  be  treated  as  thin  (or  one-dimensional)  linear 
features  and  to  examine  the  applicability  of  a  simple,  practical  stress- 
deformation  relationship  for  rock  discontinuities.  The  results  of  this 
study  show  that  these  relationships  simulate  the  behavior  quite  well.  The 
results  of  the  literature  survey,  including  32  different  types  of  discon¬ 
tinuities  were  tabulated  and  analyzed  and  representat ive  v alues  of  the  para¬ 
meters  were  noted  in  Chapter  6.  It  was  found  that  many  of  the  parameters  do 
not  vary  over  a  very  wide  range. 

Chapter  7  presents  the  results  of  analyses  which  were  conducted  to 
evaluate  the  effect  of  variations  in  the  normal  and  she.-r  stiffnesses  of  a  one 
dimensional  discontinuity  on  the  resulting  stresses  and  d i -pi acements  around 
underground  openings  in  rock  containing  a  single  prominent  discontinuity. 

The  results  of  these  analyses  are  similar  to  those  obtained  when  a  two- 
dimensional  discontinuity  was  analyzed.  These  results  show  that,  as  the 
discontinuity  becomes  softer,  the  stress  changes  (or  load  transfer)  become 
more  substantial,  tension  zones  increase,  normal  and  shear  stresses  on  the 
discontinuity  decrease  and  displacements  of  the  opening  increase. 


These  conclusions  can  be  further  amplified  since  the  stiffness  of  the 
one-dimensional  discontinuity  is  based  upon  independent  normal  and 
shear  stiffnesses.  These  studies  show  that  the  resulting  stresses  and 
displacements  are  affected  more  by  the  normal  stiffness  than  by  the 
shear  stiffness,  indicating  that  the  stiffness  component  acting  in  the 
same  direction  as  the  initial  maximum  principal  stress  is  the  most 
important  in  determining  the  resulting  behavior  of  the  opening.  These 
studies  further  showed  that  the  nonlinearity  of  the  shear  stiffness  is 
of  minor  importance  but  that  the  initial  stiffness  and  stress-dependency 
is  significant  in  determining  the  stresses  and  displacements  of  the 
open i ng . 

To  demonstrate  the  general  applicability  of  the  finite  element 
techniques  discussed  in  the  report,  four  types  of  finite  element  analyses 
(1  step  linear,  3  step  linear,  3  step  nonlinear  a-,d  3  step  jointed) 
were  conducted  for  the  Edward  Hyatt  Powe.-plant  beneath  Oroville  Dam. 

Based  upon  the  results  of  these  analyses  and  comparisons  with  the  measured 
displacements  of  the  powerplanf.  opening,  as  shown  in  Chapter  8,  it  can  be 
said  that  all  of  the  analyses  can  provide  reasonable  representations  of 
the  observed  behavior  rf  the  material  properties  can  be  adequately  defined. 

The  1  step  linear  analysis  is  limited  because  it  cannot  follow  the  ex¬ 
cavation  sequence.  Both  of  the  linear  analyses  are  limited  because  the 
selection  of  material  properties  hinges  to  a  large  degree  on  the  availa¬ 
bility  of  a  large  body  of  field  data  and  a  broad  generalization  of  these 
results.  The  nonlinear  analysis  appears  to  yield  displacements  somewhat 
lower  than  those  measured  but  the  values  for  analysis  are  easily  and  in¬ 
expensively  obtained.  The  jointed  analysis  appears  to  yield  the  best 
overall  method  of  evaluating  the  performance  of  the  opening.  The  rock 
properties  can  be  determined  as  easily  as  for  the  nonlinear  analysis,  but 
field  data  is  required  to  define  the  prominent  discontinuities  and  their 
properties.  However,  if  this  data  is  available,  the  resulting  deformations, 
stresses  and  stability  of  the  rock  mass  may  be  evaluated  with  a  reasonable  degree 
of  accuracy. 


v 


In  summary  it  may  be  said  that  the  analyses  presented  during  the 
course  of  this  investigation  show  that  the  finite  element  method,  coupled 
with  the  analytical  techniques  for  simulating  the  excavation  sequence  and 
the  nonlinear,  stress-dependent  behavior  of  the  rock  and  the  discontinuities, 
can  predict  the  behavior  of  underground  openings  in  rock  quite  well. 

This  approach  is  well-suited  for  practical  use  because  the  material  pro¬ 
perties  can  be  evaluated  relatively  easily  and  the  field  excavation  sequence 
can  be  followed  directly. 

For  preliminary  design  and  evaluation,  the  generalized  results  presented 
may  be  used  very  effectively  to  evaluate  the  probable  range  of  behavior  for 
a  proposed  opening.  For  final  design  and  evaluation,  the  techniques  presented 
may  be  used  to: 

(1)  predict  stresses  and  displacements  around  openings  in  rock, 

(2)  assess  zones  of  potential  instability, 

(3)  aid  in  the  selection  of  instrument  locations,  and 

(k)  interpret  the  results  obtained  from  field  instrumentation. 

DoD  I mp 1 i cat i ons 

The  behavior  of  hardened  facilities  sited  in  the  earth's  crust  depends 
to  a  large  extent  on  the  physical  properties  of  the  site  media  and  their 
behavior.  Survivability/Vulnerability  studies  for  these  facilities,  employing 
finite  element  analyses,  require  values  for  the  physical  properties  as  input 
data.  This  report  contains  tabulations  of  these  properties  for  both  linear 
and  nonlinear  rock  and  discontinuity  behavior  and  also  contains  guidelines 
which  may  be  followed  for  modeling  these  facilities  in  finite  element  analyses 
This  report  also  contains  the  results  of  a  wide  range  of  generalized  analyses 
for  openings  in  homogeneous  rock  and  in  rock  containing  a  single,  prominent, 
planar  discontinuity.  Since  these  analyses  cover  the  most  probable  range  of 
stresses  and  material  properties  which  may  be  encountered,  they  can  provide 
an  effective  reference  for  preliminary  evaluation  of  an  underground  facility. 
The  applicability  of  the  techniques  and  results  presented  are  demonstrated 
through  a  detailed  case  history  analysis  which  show  that  these  data  would  be 
very  useful  in  the  design  of  underground  facilities. 
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strain 

axi al ,  radi al  strai n 

orientation  of  counterclockwise  from  horizontal 
Poisson's  ratio 

initial  tangent,  tangent  Poisson's  ratio 
stress 

horizontal,  vertical  stress 
maximum,  minimum  principal  stress 
initial  maximum,  minimum  principal  stress 
horizontal,  vertical  stress 
initial  normal,  normal  stress 
discontinuity  normal  stress 
deviator  stress  at  failure 
ultimate  deviator  stress 
shear  stress 

discontinuity  shear  stress 

shear  stress  on  xy  plane 

angle  of  friction 
discontinuity  angle  of  friction 
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CHAPTER  I 
INTRODUCTION 

Widespread  use  of  instrumentation  in  many  large  underground  openings 
in  rock  during  recent  years  has  shown  that  substantial  movements  may  occur 
even  in  the  most  carefully  analyzed  and  designed  openings.  Even  though  methods 
of  construction  and  instrumentation  and  techniques  for  predicting  geoioqic 
conditions  are  rapidly  improving,  the  recent  literature  contains  numerous 
case  histories  of  we  I  1 -eng i neered  underground  openings  in  which  substantial 
movement  and  breakage  occurred  This  movement  and  breakage  becomes  of  special 
significance  when  there  is  a  loss  of  human  life  or  of  equipment,  or  when  it 
is  found  that  redesign  of  the  support  system  is  necessary  to  accommodate  the 
rock  mass  behavior . 

Sufficiently  general  theoretical  methods  fo*  predicting  the  behavior  of 
underground  openings  in  rock  are  virtually  non-existent-  For  this  reason, 
engineers  must  rely  upon  experience  and  upon  case  histories  when  they  design 
and  attempt  to  predict  the  behavior  of  a  proposed  opening.  Therefore  it  is 
desirable  to  develop  a  rational  and  practical  procedure  for  predicting  the 
behavior  of  underground  openings  in  rock  Such  a  procedure  could  be  used  to: 

(1)  predict  the  stresses  and  movements  in  underground  openings  prior  to 
construction,  (2)  isolate  potentially  troublesome  zones  around  a  proposed 
opening,  (3)  study  the  effects  of  various  construction  sequences  on  the  behavior 
of  an  opening,  (4)  help  in  selecting  the  types  and  locations  of  proposed 
instruments  and  (5)  aid  in  the  interpretation  of  the  results  of  instrumentation 
studies . 

The  rapid  development  of  large  capacity,  high  speed,  digital  computers  in 
the  last  decade,  coupled  with  powerful  new  methods  of  analysis  such  as  the  finite 
element  method,  has  made  it  feasible  to  investigate  the  complex  behavior  of 
underground  openings.  Since  the  finite  element  method  can  be  applied,  at  least 
in  principle,  to  any  continuous  system  and  to  many  classes  of  discontinuous 
systems,  it  possesses  the  flexibility  and  generality  needed  to  analyze  the  behavior 
of  underground  openings. 

Therefore  this  study  was  initiated  to  investigate  the  practical  application 
of  the  finite  element  method  to  predicting  opening  behavior,  simply  and  realistically. 
Approaches  will  be  presented  for  simulating  actual  field  construction  sequences 
and  nonlinear  material  behavior  within  the  basic  context  of  the  finite  element 
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method.  Furthermore,  guidelines  and  results  will  be  presented  for  realistically 
modeling  and  treating  the  numerous  interacting  factors  influencing  the  resulting 
behavior  of  underground  openings  during  construction. 

Geologic  Factors 

Rock  masses  are  complex  media  composed  of  three  distinct,  yet  interacting, 
components  which  could  be  described  as  the  rock  types,  rock  structures  and  dis¬ 
continuities.  Rock  types  are  numerous  and  range  from  sedimentary  types,  formed 
by  induration  of  sediments  or  chemical  precipitation,  to  igneous  types,  formed 
by  cooling  of  the  magma  at  or  beneath  the  surface  of  the  earth,  to  metamorphic 
types,  formed  by  alteration  of  the  sedimentary  or  igneous  rocks  by  heat,  pressure 
or  chemical  action.  Although  genetically  different,  many  rock  types  perform 
similarly  under  load  and  therefore,  from  an  engineering  standpoint,  the  physical 
behavior  of  the  rock  must  be  considered.  Under  these  conditions,  it  is  found 
that  rock  types  range  in  behavior  under  load  from  linear,  elastic  and  brittle 
to  nonlinear,  inelastic  and  ducti le,  and  from  isotropic  to  anisotropic.  Any 
method  of  analysis  which  models  rock  properties  should  have  the  capabilities 
to  model  this  range  of  properties  in  a  relatively  straightforward  manner  and 
should  be  based  upon  parameters  which  can  be  obtained  relatively  easily  in  the 
laboratory.  Elastic,  elastic-plastic,  rheological,  and  other  types  of  models 
have  shortcomings  in  this  sense  because  they  are  based  upon  limited  ranqes  of  rock 
behavior  and/or  upon  parameters  not  readily  obtainable  in  the  laboratory. 

Rock  structural  features  are  of  two  main  types:  bedding  and  folding.  Features 
of  this  type  are  mainly  geometric  and  could  readi  ly  be  treated  in  finite  element 
analyses  by  introducing  the  appropriate  geometry  and  material  properties  of  the 
units  involved.  However,  there  are  substantial  problems  ...volved  in  modeling  these 
features  because  the  behavior  of  the  bedding  plane  contacts  must  be  considered 
and  the  initial  stress  field  must  be  known  in  the  beds  as  well  as  in  the  folded 
structures  Assuming  that  these  problems  can  be  surmounted,  realistic  models 
can  be  established  to  treat  these  structures  in  analyses. 

Discontinuities  play  a  major  role  in  the  behavior  of  rock  masses.  These 
features  may  range  from  random  minute  joints  to  laroe  planar  features  such  as 
faults,  any  of  which  may  have  nearly  any  orientation  within  the  rock  mass.  Modeling 
these  discontinuities  is  a  complex  problem  from  both  engineering  and  geolocic 
standpoints.  Geologically,  the  attitude,  continuity,  uniformity,  thickness  and 
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repetitiveness  of  the  discontinuities  must  be  known.  From  an  engineering 
standpoint,  the  physica1  behavior  must  be  known.  Recent  studies  (e.g.,  Goodman, 

1969)  along  these  lines  indicate  that  discontinuities  also  have  a  wide  range 
in  behavior  under  load.  Analytical  methods  should  be  able  to  incorporate 
these  discontinuities  and  their  physical  properties  to  provide  realistic 
evaluations  of  the  behavior  of  the  rock  masses. 

Stress  systems  existing  in  rock  masses  further  complicate  any  analytical 
analyses  because  the  stresses  may  be  isotropic,  transversely  isotropic  or 
highly  anisotropic.  Furthermore  the  major  principal  stress  may  range  from 
horizontal  to  vertical  and  may  or  may  not  coincide  with  the  orientation  of 
the  discontinuities.  In  any  case,  it  is  imperative  that  the  initial  stresses 
be  known  and  that  analyses  be  capable  of  modeling  the  initial  stress  conditions 
in  the  rock  masses. 

Construction  Factors 

When  an  underground  opening  is  made  in  a  rock  mass,  stress  changes  occur 
which  cause  movements  around  the  opening.  The  type  and  magnitude  of  stress 
changes  and  movements  which  occur  are  not  only  a  function  of  the  geologic 
conditions  cited  above,  but  are  also  a  function  of  the  sequence  of  construction 
operations  employed  to  make  the  opening.  For  example,  a  multiple  drift  sequence 
may  cause  undesirable  roof  movements  along  a  discontinuity  in  an  opening  while  a 
full  face  sequence  might  not  because  of  an  arching  mechanism  maintaining  the 
integrity  of  the  roof.  If  behavior  such  as  this  occurs,  the  support  system 
required  will  be  substantially  different  and  the  extent  of  overbreak  may  differ 
greatly.  Because  of  these  effects,  it  is  important  to  be  able  to  predict 
beforehand  the  stresses  and  movements  which  may  occur  around  an  underground 
opening  and  to  correlate  these  with  construction  sequences  to  be  employed  in  the 
field. 

Need  For  Simple,  Practical  Analytical  Methods  and  Results 

The  various  factors  briefly  discussed  above  indicate  some  of  the  more  important 
points  to  be  considered  in  analyses  of  underground  openings  in  rock.  Numerous  research 
studies  have  been  conducted  during  recent  years  along  these  lines,  but  a  large  number 
of  these  studies  have  been  "technique  oriented"  rather  than  "result  oriented".  Many 
questions  remain  to  be  answered.  Among  those  are:  (1)  How  nonlinear  and/or 
anisotropic  are  rocks  and  how  important  is  this  in  analyses?  (2)  How  can  the 
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nonlinearity  be  treated  in  a  relatively  straightforward  manner?  (3)  How 
important  are  discontinuities  in  the  behavior  of  rock  masses  around  under¬ 
ground  openings?  (k)  What  are  the  properties  of  discontinuities?  (5)  How 
important  are  the  initial  stress  conditions  in  rock  masses?  and  (6)  How 
important  are  construction  sequences  and  opening  shapes  upon  the  resulting 
behavior  of  an  opening? 

Advances  have  been  made  into  many  of  these  areas,  but  few  guidelines  have 
been  established.  Realistic  models,  literature  surveys  and  finite  element 
analyses  can  be  employed  to  provide  further  guidelines.  It  is  hoped  that 
through  this  study,  guidelines  may  be  provided  in  an  effort  to  help  to  resolve 
these  questions. 


CHAPTER  2 


FINITE  ELEMENT  MODELING  TECHNIQUES 

A  number  of  procedures  have  been  employed  to  perform  analyses  of 
stresses  and/or  movements  around  underground  openings  in  rock.  These 
have  included  closed- form  elasticity  solutions,  finite  difference 
numerical  analyses,  photoelastic  analyses  and  finite  element  analyses. 

Examples  of  the  first  three  can  be  referred  to  in  basic  Pock  Mechanics 
texts  (e.g.,  Obert  and  Duvall,  1967),  while  examples  of  the  fourth  can  be 
found  in  both  the  International  Rock  Mechanics  Congresses  and  in  geo¬ 
technical  journals. 

Although  many  interesting  and  useful  results  have  been  obtained  using 
each  of  these  procedures,  the  finite  element  method  of  analysis  is  the  most 
general  and  useful.  it  may  be  used  for  analyses  of  stresses  and  movements 
around  underground  openings  in  nonhomogeneous ,  discontinuous  and  anisotropic 
rock  and,  with  suitable  techniques,  may  be  used  to  obtain  approximate  solutions 
for  problems  involving  nonlinear  material  properties.  Furthermore,  the  method 
may  be  used  for  problems  in  which  the  initial  stress  conditions  and  construc¬ 
tion  operations  should  be  considered.  The  important  characteristics  of  the 
finite  element  method  as  applied  to  analyses  of  underground  openings  in  rock 
and  procedures  for  its  use  are  described  in  subsequent  sections  of  this  chapter. 

Characteristics  of  the  Finite  Element  Method 

Since  its  introduction  by  Turner  et  al.  (1956), the  finite  element  method 
has  been  shown  to  be  a  very  powerful  procedure  for  stress  analyses  and  has 
been  used  for  many  different  purposes.  A  number  of  excellent  papers  have 
been  published  on  this  method  (notably  Clough,  I960,  1965,  and  Wilson,  1 963) 
as  well  as  two  textbooks  (Zienkiewicz  and  Cheung,  1 967  and  Desai  and  Abel,  1971). 

For  analysis  by  the  finite  element  method,  the  continuous  body  is 
represented  by  a  set  of  elements  which  are  connected  at  their  joints  or  nodal 
points.  On  the  basis  of  an  assumed  variation  of  strains  within  elements  together 
with  the  stress-strain  characteristics  of  the  element  material,  the  stiffness  of 
each  nodal  point  of  each  element  is  computed.  For  each  nodal  point  in  the  system 
two  equilibrium  equations  may  be  written  expressing  the  nodal  point  forces  in 
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terms  of  the  nodal  point  displacements  and  stiffnesses  These  equations  are 
solved  to  determine  the  unknown  displacements.  With  the  displacements  of 
all  nodal  points  known,  strains  and  stresses  within  each  element  may  be  computed. 
Analyses  of  realistic  systems  commonly  requires  formulation  and  solution  of 
several  hundred  simultaneous  equations,  and  the  technique  is  only  practical 
when  formulated  for  high-speed  digital  computers. 

Various  types  of  elements  have  been  developed;  these  elements  differ  in 
shape,  number  of  nodal  points,  and  assumed  mode  of  strain  variation  within 
elements.  The  element  used  in  this  study  :s  a  quad  r ,  I to  ra  I  consisting  of  two 
linear  strain  triangles  (Felippa,  1966  .  Within  this  element  strains  are 
assumed  to  vary  linearly,  but  to  insure  compatibility  between  elements,  the 
strains  on  the  outside  boundaries  of  the  quadrilateral  are  assumed  to  be 
constant  Studies  by  Felippa  (1966)  have  shown  that  this  element  provides  a 
good  combination  of  efficiency  and  accuracy  over  a  wide  range  of  loading  conditions. 

The  analyses  performed  in  this  study  are  plane  strain  analyses  of  sections 
normal  to  the  axis  of  the  underground  opening  This  type  of  analysis  represents 
a  close  approximation  of  the  actual  strain  conditions  within  essentially 
homogeneous  rock  masses  and  within  rock  masses  containing  beds  and  discontinuities 
whose  strike  and  dip  are  reasonably  coincident  with  the  trend  and  plunge  of 
the  axis  of  the  opening.  For  other  cases,  this  type  of  analysis  often  will 
provide  useful  and  reasonably  accurate  approximations  of  the  true  behavior. 

Nonlinear  Material  Behavior 

Two  types  of  stress-strain  behavior,  linear  and  nonlinear,  have  been  employed 
in  the  analyses  to  be  conducted  for  this  study.  In  the  linear  analyses,  constant 
and  equal  values  of  modulus  and  Poisson's  ratio  are  assigned  to  all  of  the  finite 
elements  modeling  the  rock  mass.  In  the  nonlinear  analyses,  the  nonlinearity  is 
approximated  by  assigning  modulus  and  Poisson's  ratio  values  to  each  element 
which  are  consistent  with  the  stress  values  m  the  element  The  analyses  are 
performed  using  a  s cep-by-s tep  or  incremental  analysis  procedure  in  which  successive 
stages  in  the  excavation  of  an  opening  are  simulated.  During  each  step  or  increment 
the  relationship  between  stress  and  strain  is  assumed  to  be  linear;  nonlinearity 
is  approximated  in  the  analyses  by  appropriate  changes  in  the  values  of  modulus 
and  Poisson's  ratio  during  successive  stages  of  the  analyses.  The  procedures 
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for  determining  the  modulus  and  Poisson's  ratio  parameters  required  for  use 
in  these  analyses  are  described  in  a  subsequent  chapter  of  this  report. 

Incremental  Excavation 

Underground  openings  are  excavated  by  a  number  of  different  procedures. 
Small  openings  with  simple  shapes  such  as  circles  are  commonly  excavated  in 
one  step  either  by  tunnelling  machines  or  by  a  single  full  face  blast.  Large 
openings  or  openings  with  complex  shapes  such  as  a  power  station  opening  are 
commonly  excavated  in  several  or  more  steps  by  multiple  drift  or  head  and 
bench  procedures.  To  realistically  model  these  variable  excavation  procedures, 
techniques  must  be  employed  in  the  analytical  simulation  which  are  capable 
of  following  arbitrary  construction  sequences.  Several  procedures  for 
analytically  simulating  excavation  operations  have  been  proposed  in  recent 
years  (Goodman  and  Brown,  1963;  Brown  and  King,  1966;  Dunlop  et  al,  1968; 

Duncan  and  Goodman,  1968;  Chang  and  Duncan,  1970;  and  Clough  and  Duncan,  1969). 
All  of  these  procedures  have  been  developed  primarily  for  surface  excavations 
in  soil,  but  they  have  shown  that  excavation  operations  can  be  realistically 
simulated  in  finite  element  analyses-  The  most  neneral  of  these  procedures, 
that  of  Clough  and  Duncan  (1969),  can  be  readily  adapted  for  any  type  of 


excavation  operation. 

The  basic  premise  in  these  procedures  is  that  the  soil  or  rock  is  in 
equilibrium  and  at  rest  in  an  initially  stressed  state.  The  excavation  is 
simulated  by  evaluating  the  stresses  along  the  potential  excavation  surface, 
computing  the  equivalent  forces  at  the  nodes  of  the  finite  elements  along 
the  excavation  surface,  reversing  the  signs  ofthe  forces  and  then  applying  these 


forces  to  the  finite  element  mesh  while  reducing  the  modulus  of  the  "removed" 


elements  to  an  insignificant  value-  The  computed  stresses 


strains  and  d i s 


placements  are  then  added  to  the  original  values  to  obtain  the  stresses,  strains 
and  displacements  at  the  end  of  the  excavation  step  This  procedure  can  then 
be  continued  for  any  number  of  excavation  steps  such  that  an  excavation  can  be 


followed  readily  on  a  step-by-step  basis. 

This  approach  is  in  contrast  to  those  commonly  employed  in  finite  element 
analyses  of  underground  openings  in  which  "gravity  turn-on"  or  relaxation 
approaches  are  used.  In  the  "gravity  turn-on"  approach,  two  analyses  must  be 
conducted.  These  two  analyses  are  conducted  by  first  applying  gravity  to  a  finite 
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element  mesh  without  the  opening  and  secondly  applying  gravity  to  a  finite 
element  mesh  with  the  opening  The  differences  between  the  two  analyses  are 
the  stresses,  strains  and  displacements  caused  by  making  the  opening.  This 
approach  suffers  from  several  drawbacks.  First,  Goodman  and  Brown  (1963),  among 
others  cited  previously,  have  shown  that  the  resulting  stresses  are  independent 
of  construction  sequence  only  in  homogeneous,  isotropic,  linear  elastic  materials. 
Second,  Dunlop  et  al  (1968)  have  shown  that  the  step-by-step  and  "gravity  turn-on" 
analyses  are  equivalent  only  when  the  initial  stresses  are  directly  related  by 
Poisson's  ratio,  v,  or  =  (  -p-^)0|,  in  which  and  0|  are  the  minimum  and  maximum 
principal  stresses,  respectively,  and  0|  is  the  vertical  stress.  Third,  the 
"gravity  turn-on"  analysis  cannot  model  a  construction  sequence. 

In  the  relaxation  approach,  also  known  as  the  residual  stress  approach, 
the  final  geometry  of  the  opening  is  usually  established  in  the  initial  finite 
element  mesh.  The  elements  representing  the  surrounding  rock  mass  are  initially 
stressed  to  some  desired  values  wh i ch  are  subsequently  relaxed  to  provide  a 
final  equilibrium  stress  state  around  the  opening.  With  this  approach  it  is 
difficult  to  follow  a  construction  sequence  simply  and  therefore  to  follow  the 
incremental  changes  of  the  rock  properties  as  the  opening  is  made.  In  addition, 
the  relaxation  is  controlled  exclusively  by  the  stresses  existing  in  the  elements 
which  are  part  of  the  rock  mass  remaining  after  the  opening  is  excavated.  The 
stresses  existing  in  the  elements  removed  during  excavation  are  usually  not 
cons i dered 

On  the  other  hand,  the  stress  reversal  approach  considers  the  stresses 
existing  in  the  elements  on  both  sides  of  a  proposed  excavation  boundary  at  any 
stage  of  excavation,  and  based  upon  these  stresses  evaluates  the  equivalent  node 
forces  to  be  applied  along  the  boundary  to  release  the  stresses  actually 
occurring  along  the  boundary.  Furthermore  by  following  the  stress  changes  at 
each  stage  of  excavation  and  subsequently  changing  the  values  of  modulus  and 
Poisson's  ratio  in  accordance  with  the  changing  stress  values  in  the  elements, 
the  actual  nonlinear  behavior  of  the  rock  mass  can  be  followed  on  a  more  rational 
basis.  Details  of  this  approach  are  given  below, 

Incremental  Excavation  Simulation 

In  the  finite  element  method,  stresses  are  commonly  determined  at  either 
the  center  of  the  elements  or  midway  between  two  opposing  nodal  points,  depending 
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upon  the  type  of  elements  used,  but  excavation  boundaries  pass  between 
elements,  Therefore  a  technique  must  be  employed  to  interpolate  from  the 
center  stresses  to  the  nodal  or  boundary  stresses  before  the  nodal  point 
forces  are  evaluated  The  approach  outlined  below  is  essentially  the  one  used 
by  Clough  and  Duncan  (1969),  with  only  slight  modification,  and  is  repeated 
here  because  the  details  of  the  method  are  not  readily  available  in  the 
general  literature. 

To  express  the  relationship  between  the  known  stresses  at  the  element 
centers  and  the  unknown  stresses  at  the  nodal  points,  a  polynomial  inter¬ 
polation  formula  of  the  form  given  below  may  be  used: 


o  =  a,  +  a2  x  +  a 3 y  +  a^  xy  (2-1) 

in  which  a  is  the  interpolated  nodal  stress,  x  and  y  are  the  nodal  point 
coordinates  and  a^,  a^,  arc  t^ie  1  nterpolat  i  on  coefficients.  In 

its  most  general  form,  the  excavation  of  a  nuadr i I atora  I  element  creates 
four  excavation  boundaries  and  Equation  2-1  is  used  to  determine  the  stresses 
at  the  four  element  nodes.  By  assuming  a  linear  stress  variation  between  the 
nodal  stress  values,  the  complete  stress  distribution  is  obtained  around  the 
element,  as  shown  in  Figure  2-1.  Equivalent  nodal  point  forces  can  then  be 
established  from  the  boundary  stress  distribution. 

To  use  Equation  2-1  to  determine  the  stresses  at  a  nodal  point  of  an 
excavated  element,  three  sets  of  the  interpolation  coefficients  are  computed 
(one  each  for  the  x,  y  and  xy  stresses)  using  the  known  stresses  in  the  four 
elements  surrounding  the  nodal  point,  one  of  which  is  the  element  to  be  excavated 
For  a  given  stress  o,  these  relationships  can  be  expressed  as: 
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in  which  o(i)  is  the  stress  in  element  i 
symbolic  form  as  follows: 
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(2-2) 


Equations  2-2  can  be  expressed  in 


{%}  -  1*1  H 


(2-3) 
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Y I J  =  y,  -y,  XJI  =  %4  -x, 

YJK=  -yK  XKJ  =  xK 

YKL  =  yK  -yL  XLK=xl~xk 

YLI  =  yL -y,  XI  L  =  x,  -xL 

NOTE  :  ALL  STRESSES  AND  GRADIENTS  ASSUMED  POSITIVE  AS  SHOWN 

FIG.2-1  ARBITRARY  QUADRILATERAL  ELEMENT 
AND  BOUNDARY  STRESS  DISTRIBUTION 
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[aj=  [m  ]  1  {oj  (2-1*) 

The  interpolation  coefficients  can  then  be  used  to  evaluate  the  nodal  point 
stresses,  »  of  the  element  to  be  excavated,  as  shown  below: 

{°nV  M  [a]  (2-5) 

or 

S.°nV  [n]  W  ''{oj  (2.6) 

in  which  [n]  is  the  coordinate  matrix  for  the  I,  J,  K,  L  nodal  points.  Equation 
2-6  therefore  expresses  the  nodal  point  stresses  in  terms  of  the  center  stresses 
of  four  adjacent  elements. 

Using  the  principle  of  virtual  work  and  the  stress  distribution  shown  in 
Figure  2-1,  the  equivalent  hori zonta  1  :and  vertical  nodal  point  forces  can  be 
established  for  each  nodal  point.  For  example,  the  vertical  force  at  J  can  be 
expressed  as: 


Fj[  -  i  [  (X  J I )  o  +  2  (  XJl  +  XKJ  )o  +  (XKJ )  o 

VI  VJ  YK  (2-7) 


+  ( Y I J )  ,  +  2  ( Y I J  +  YJK)  -  ‘  +  (YJK)  i 

xYl  XyJ  XyK 


This  operation  can  then  be  repeated  for  all  eight  nodal  point  forces,  resulting 


in  the  following  equations: 

W  ■  [H]W 

(2-8) 

or 

{fn}  =  M  [n]  [m]-'{oe\ 

(2-9) 

or 

W  - 

(2-10) 
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in  which  [Fn]  is  the  8  x  I  nodal  force  matrix,  [H]  is  the  8  x  12  boundary 
geometry  matrix, £0^  is  the  12  x  1  nodal  stress  matrix  and  [0]  is  the  8  x  12 

resultant  matrix  relating  the  unknown  nodal  forces  and  the  known  element  center 
stresses  . 

The  manner  in  which  this  approach  is  implemented  is  to  specify  the 
nodal  points  along  an  excavation  boundary  and,  for  each  nodal  point,  to 
specify  the  four  elements  surrounding  the  nodal  point.  Usually  two  of  these 
elements  are  to  be  excavated  and  two  are  to  remain  as  a  portion  of  the  rock  mass 
However,  situations  arise  where  four  elements  do  not  surround  a  nodal  point. 

In  this  case,  one  should  se'ect  the  four  closest  elements,  as  long  as  no 
three  of  the  four  elements  have  centers  which  1 i e  on  a  horizontal  or  vertical 
line  because  then  the  matrix  [m]  becomes  singular  (zero  determinant)  and  no 
solution  is  poss i b le . 

To  test  the  validity  of  this  approach  and  to  check  whether  modifications 
were  necessary,  a  simple  excavation  problem  was  considered  of  a  laterally 
restrained  column,  fixed  at  the  base, in  which  the  top  layer  was  excavated. 

This  problem  is  shown  in  Figure  2-2.  At  the  left  of  this  figure  is  shown  the 
initial  stress  distribution.  First  the  top  ten  elements  were  excavated  in 
one  step  and  the  results  were  compared  with  the  closed  form  solution.  The 
results  were  identical,  as  indicated  to  the  right  of  the  initial  stress 
distribution.  Secondly  a  two  step  excavation  sequence  was  conducted  with 
five  elements  being  removed  at  each  step.  The  resulting  a  and  0  values  are 
shown  in  the  respective  elements  and  the  values  of  were  in  the  range  of 
10  to  10  .  The  correct  values  of  ox  and  0y  are  shown  on  the  left  of  the 
mesh  and  the  correct  values  of  should  be  zero.  It  can  be  seen  that,  except 
for  the  oy  values  of  the  two  central  elements  in  the  top  layer,  the  difference 
between  the  finite  element  (FEM)  solution  and  the  correct  closed-form  solution 
are  about  2%  or  less.  The  other  two  elements  have  errors  of  approximately  12 %. 

In  practice,  a  much  finer  finite  element  mesh  would  be  used  in  this  central 
portion  where  there  is  a  stress  concentration  after  the  first  step,  and 
subsequently  the  error  would  be  reduced  to  a  few  percent  or  less.  All  other 
values  are  well  within  an  acceptable  error  range,  even  though  such  a  coarse 
mesh  was  employed. 

In  an  effort  to  determine  whether  the  accuracy  of  the  results  could  be. 
improved,  even  with  this  coarse  mesh,  an  analysis  was  conducted  using  double 
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precision  calculations.  The  results  of  this  analysis  were  virtually  identical, 
although  substantially  more  computer  time,  storage  and  accuracy  was  involved. 

To  see  whether  an  improved  interpc  'ation  function  would  improve  the  accuracy  of 
the  results,  Equation  2-1,  the  interpolation  function,  was  expanded  to  six  terms. 

An  analysis  conducted  with  tre  improved  interpolation  function  showed,  at  best, 
a  very  slight  increase  in  accuracy.  Considering  the  increase  in  input  data 
required  for  a  six  term  interpolation  function,  it  was  felt  that  the  improved 
interpolation  function  was  not  warranted.  These  results  indicate  that  only  a 
finer  mesh  around  zones  of  stress  concentration  will  lead  to  more  accurate  results. 

Furthermore,  during  the  course  of  investigating  this  problem,  it  was  found 
that  the  modulus  of  the  excavated  elements  must  be  reduced  to  at  least  10~^  times 
their  value  prior  to  excavation.  If  they  are  reduced  by  substantially  lesser 
amounts,  the  values  computed  for  the  remainino  elements  change  for  the  worse. 

As  a  more  general  example  of  the  applicability  of  this  approach,  the 
problem  shown  in  Figure  2-3  was  analyzed.  One,  two  and  three  step  excavation 
sequences,  as  shown  in  Figure  2-f),  were  employed.  The  computed  values  of  o  ,  o 
and  txy  are  shown  for  the  elements  resulting  from  the  one  and  two  step  construction 
sequence  analyses;  the  results  from  the  three  step  sequence  are  essentially  the  same 
as  these  values.  This  example  was  selected  because  i t  has  a  horizontal  plane  of 
symmetry,  sharp  stress  concentrations  in  the  corners  of  the  excavation  and  external 
boundaries  close  to  the  excavation  which  will  significantly  affect  the  computed 
stress  values  during  a  multiple  step  excavation  sequence.  As  can  be  seen,  the 
computed  stress  values  compare  very  closely  in  all  respects.  The  largest  differences 
occur  in  the  elements  near  the  horizontal  faces  of  the  excavation  where  the  stress 
changes  are  large  and  the  computed  values  are  small  and  near  the  excavation  corners 
where  the  stress  concentration  is  greatest.  Ordinarily,  ,n  solving  practical 
problems,  more  elements  of  smaller  size  would  be  used  and  the  correspond i no  in¬ 
accuracies  would  be  even  smaller  than  in  this  example  problem. 

Finite  Element  Mesh  Design 

Solutions  obtained  by  finite  element  analyses  are  only  approximate  solutions 
since  the  method  itself  is  based  upon  a  physical  approximation  of  the  actual 
system.  Because  of  this,  care  must  be  exercised  when  a  finite  element  mesh  is 
designed  to  ensure  that  the  results  are  not  being  significantly  altered  because 


-  14  - 


907 


G.2-3  COMPARISON  OF  FINAL  STRESSES  AROUND  EXAMPLE  RECTANGULAR 
OPENING  FOR  I  AND  2  STEP  EXCAVATION  SEQUENCE. 


FIG.  2-4 


I  STEP 
EXCAVATION 


2  STEP 
EXCAVATION 


3  STEP 
EXCAVATION 


SEQUENCES  EMPLOYED  IN  EXAMPLE 
EXCAVATION  OF  RECTANGULAR  OPENING 
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the  mesh  is  not  fine  enough  or  the  boundaries  are  not  far  enough  away  from 

the  opening.  If  only  one  or  two  problems  are  to  be  investigated,  perhaps  five 

hundred  or  more  elements  may  be  used  to  ensure  an  accurate  idealization. 

But  when  numerous  problems  are  to  be  investigated,  the  number  of  elements 

must  be  minimized  because  of  the  large  cost  of  computer  time  and  plotting 

and  interpreting  he  results  obtained  from  the  solution. 

a)  Mesh  Configuration  and  Size  Effects 

To  investigate  the  effects  of  mesh  configuration  and  number  of 

elements  in  the  mesh,  a  sample  problem  was  analyzed  of  a  rectangular  opening 

with  a  vertical  plane  of  symmetry.  This  problem  was  selected  because  of  the 

stress  concentrations  which  will  occur  in  the  corners  Three  meshes  were 

used:  the  first,  shown  in  Figure  2-5,  was  a  coarse  mesh  containing  60  rectangular 

elements  of  equal  size;  the  second,  shown  in  Figure  2-6,  was  a  fine  mesh 

containing  120  square  elements  of  equal  size;  and  the  third,  shown  in  Figure 

2-7,  was  a  fine  mesh  containing  156  rectangular  elements  of  unequal  size  with 

the  element  size  increasing  away  from  the  opening.  In  each  case,  excavation  was 

conducted  in  a  one  step  sequence.  The  initial  values  of  a  and  a  were  equal  to 

x  y 

1.0,  the  modulus  was  equal  to  1000  and  Poisson's  ratio  was  equal  to  0.25  for 
all  of  the  elements  in  the  three  different  meshes.  Any  consistent  units  can  be 
applied  to  these  values. 

The  results  obtained  from  these  three  analyses  are  shown  in  Figures  2-8,  2-9 
and  2-10.  Contours  of  the  vertical  stress,  o  ,  are  shown  in  Figure  2-8.  They 
shew  that  the  coarse  mesh  indicates  tensile  stresses  existing  in  the  roof  of  the 
opening  and  only  a  minor  stress  concentration  near  the  corner  of  the  opening. 

On  the  other  hand,  the  contours  resulting  from  the  fine  and  the  fine  irregular 
meshes  do  not  show  the  roof  tensile  zones  and  do  show  larger  stress  concentrations 
near  the  corner  of  the  opening.  Furthermore  the  contours  are  very  consistent 
with  each  other,  the  only  difference  being  that  the  fine  irregular  mesh  indicates 
somewhat  better  the  magnitude  of  the  stress  concentration  near  the  corner  of 
the  opening  and  the  magnitude  of  the  stress  reduction  mid-height  of  the  opening 
wall.  Similar  results  are  indicated  for  the  horizontal  stresses,  a  ,  in  Figure 

A 

2-9  and  for  the  shear  stresses,  i  ,  in  Figure  2-10.  It  is  felt  that  the 
results  obtained  from  a  finer  mesh  would  exhibit  stress  contours  nearly  the  same 
as  those  from  the  fine  and  fine  irregular  meshes,  but  would  probably  define  the 
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COARSE  FINITE  ELEMENT  MESH  FOR  RECTANGULAR 


FINE  IRREGULAR  FINITE  ELEMENT  MESH  FOR 
RECTANGULAR  OPENING. 


ALL  RESULTS  ARE  SYMMETRICAL  ABOUT  THE  CENTERLINE 


FIG.  2-8  CONTOURS  OF  <Ty  AROUND  EXAMPLE  RECTANGULAR 

OPENING  ,  I  STEP  EXCAVATION 
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ALL  RESULTS  ARE  SYMMETRICAL  ABOUT  THE  CENTERLINE 

FtG.2-9  CONTOURS  OF  <£  AROUND  EXAMPLE 

RECTANGULAR  OPENING  ,  I  STEP  EXCAVATION 


maximum  and  minimum  values  a  bit  better,  Therefore  a  reasonable  criterion 
for  meshes  would  be  that  a  minimum  of  125  to  150  elements  should  suffice  for 
analyses  of  simple  structures  in  homogeneous  rock  where  there  is  a  plane  of 
symmetry  and  only  one-half  of  the  system  need  be  analyzed 

b)  Boundary  Location  Effects 

Since  the  finite  element  method  involves  a  physical  approxi ma t i on  of 
the  actual  system,  the  location  of  the  finite  boundaries  from  the  area  of 
i n teres t  will  i nf I uence  the  results  obtained  in  an  analysis.  This  effect  must 
be  minimized  to  ensure  realistic  results 

To  investigate  the  magnitude  of  the  boundary  effects,  a  number  of 
analyses  were  conducted  with  a  circular  opening  in  meshes  with  different 
distances  to  the  fixed  boundary.  The  basic  mesh  employed  is  shown  in  Figure  2-11. 
Different  systems  were  obtained  by  varying  the  boundary  location  in  this  basic 
mesh-  A  total  of  five  systems  were  analyzed  with  boundary  locations  varying 
from  3  radii  to  9  radii  away  from  the  center  of  the  opening. 

The  results  obtained  from  these  analyses  are  shown  m  Figure  2-12  for  the 
nodal  points  along  the  face  of  the  opening  and  for  the  innermost  row  of 
elements  along  the  face  of  the  opening.  it  can  readily  be  seen  that  the 
boundary  location  is  quite  significant  and  that  the  greatest  differences  occur 
between  the  vertical  displacements  at  nodal  point  A  (also  equivalent  to 
horizontal  displacements  at  B) ,  the  vertical  stresses  in  element  D  (also 
equivalent  to  horizontal  stresses  in  element  C)  and  the  shear  stresses  midway 
between  elements  C  and  D  To  have  a  perfect  comparison  with  the  closed-form 
theoretical  solution,  the  boundaries  of  the  finite  element  mesh  would  have  to 
be  at  infinity  Since  this  perfect  comparison  is  impossible,  i t  was  felt  that 
a  mesh  would  be  adequate  if  the  largest  difference  between  any  one  of  the 
computed  or  theoretical  stresses  or  displacements,  on  or  near  the  opening  face, 
was  less  than  10%. 

By  re-plotting  the  maximum  points  in  Figure  2-12  in  the  form  shown  in 
Figure  2-13,  it  can  be  seen  that  this  10%  criterion  is  satisfied  with  a  boundary 
located  6  radii  away  from  the  center  of  the  opening.  It  is  interesting  to  note 
that,  for  boundaries  located  closer  to  the  opening,  the  largest  percent 
difference  increases  rap i d ly  wh i I e ,  for  boundaries  located  further  from  the 
opening,  the  largest  percent  difference  decreased  slowly.  Therefore  the  6  radii 
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FIG.2-II  FINITE  ELEMENT  MESH  FOR  INVESTIGATION 
OF  BOUNDARY  EFFECT 
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FIG.  2-13  EFFECT  OF  EXTERNAL  BOUNDARY 
LOCATION  ON  ACCURACY  OF  FEM 
SOLUTION 


criterion  was  jdopted  for  all  meshes  to  be  employed  in  this  investigation. 

c)  Representative  Finite  Element  Meshes 

In  accordance  with  the  criteria  established  above,  three  finite  element 
meshes  were  designed  for  use  during  the  course  of  this  investigation.  These 
three  meshes  are  shown  in  Figures  2-1^,  2-15  and  2-16  and  they  satisfy  both  the 
element  and  boundary  criteria.  These  meshes  are  for  a  circular  opening,  6  meters 
in  diameter,  a  horseshoe  opening,  5.5  meters  high  with  a  base  width  of  5.5  meters 
(yielding  an  area  similar  to  that  of  the  circular  opening)  and  a  power  station 
opening,  30  meters  high,  20  meters  base  width  and  25  meters  wide  at  the  base 
of  the  crown  arch.  These  openings  and  their  dimensions  were  selected  because 
they  are  both  common  and  representative. 
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164  ELEMENTS 
211  NOOAL  POINTS 


FIG. 2-15  FINITE  ELEMENT  MESH  FOR 
HORSESHOE  OPENING  IN 
HOMOGENEOUS  ROCK. 
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F1G.M6  FINITE  ELEMENT  MESH  FOR 
POWER  STATION  OPENING  IN 
HOMOGENEOUS  ROCK. 
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CHAPTER  3 

STRESS-STRAIN  BEHAVIOR  OF  ROCK 

1  -  "  -  -  1  '  1  . . 

The  stress-strain  behavior  of  many  types  of  rock  depends  upon  a  number  of 
factors  including  density,  porosity,  structure,  degree  of  weathering,  type 
and  quality  of  cementing  agent,  st'ess  history,  duration  of  loading,  confining 
pressure,  and  shear  stress.  In  many  cases  it  may  be  possible  to  take  account 
of  these  factors  by  selecting  rock  specimens  and  testing  conditions  which  simulate 
the  anticipated  field  conditions.  But  even  when  the  rock  specimens  and  test 
conditions  are  carefully  selected  to  duplicate  field  conditions,  it  is  commonly 
found  that  rock  stress-strain  behavior,  over  a  wide  range  in  stresses,  is  non¬ 
linear  and  dependent  upon  the  magnitude  of  confining  pressure. 

More  often  than  not,  only  uniaxial  compression  tests  are  conducted  and 
the  values  of  modulus  and  Poisson's  ratio,  for  use  in  subsequent  analyses,  are 
based  upon  the  uniaxial  results  alone.  Therefore  the  studies  described  in  this 
chapter  were  conducted:  (1)  to  evaluate  and  summarize  the  available  modulus  and 
Poisson's  ratio  data  for  various  rock  types  under  uniaxial  test  conditions, 

(2)  to  examine  the  range  of  applicability,  for  rocks,  of  recently  proposed 

methods  of  representing  the  nonlinear  and  stress-dependent  values  of  modulus 

r 

and  Poisson's  ratio  of  soils,  (3)  to  evaluate  and  summarize  the  available 
nonlinear  modulus  and  Poisson's  ratio  parameter  values  for  various  rock  types 
under  triaxial  test  conditions,  and  (A)  to  provide  guidelines  for  inter¬ 
relating  these  parameters  and  using  them  in  analyses. 

Uniaxial  Modulus  and  Poisson's  Ratio  Values 

In  an  effort  to  evaluate  the  modulus  and  Poisson's  ratio  values  for  rock 
types  under  uniaxial  test  conditions,  an  extensive  literature  survey  was  con¬ 
ducted  to  isolate  these  data.  The  literature  searched  included  the  major  rock 
mechanics  journals,  the  international  rock  mechanics  congresses,  the  U.S.  and 
i  Canadian  rock  mechanics  symposia,  major  Ph.D.  dissertations  and  the  reports  of  U.S. 

i  government  agencies  involved  in  rock  mechanics  work.  While  this  survey  cannot  be 

expected  to  be  all-inclusive,  it  is  felt  that  a  very  substantial  percentage  of 
the  available  data  are  included.  Furthermore,  since  data  of  this  type  are  rarely 
presented  it  graphical  form,  it  is  unknown  in  most  cases  whether  the  modulus  and 
s  Poisson's  ratio  values  are  initial  tangent  values,  secant  values  or  "best-fit"  value 


Fortunately,  many  types  of  rocks  exhibit  nearly  linear  behavior  under  uniaxial 
conditions  to  greater  than  50%  of  failure,  in  which  case  the  initial  tangent, 
secant  and  "best-fit"  values  are  identical. 

In  all,  data  for  uniaxial  conditions  alone  were  available  for  154 
different  types  of  rocks;  inclusion  of  several  conditions  for  a  given  rock 
type  yielded  a  total  of  163  values.  These  data  were  grouped  together  genetically 
and  were  tabulated  as  shown  in  Tables  3“  I  through  3-5.  Whenever  sufficient  data 
were  available,  the  full  description,  density,  specific  gravity,  porosity, 
modulus,  Poisson's  ratio,  compress/ve  strength  and  tensile  strength  were  included. 
As  can  be  seen,  all  of  these  data  were  not  available  for  all  of  the  rock  types. 

On  first  impression  it  appears  that  there  is  a  very  wide  scatter  in  the  values 
of  modulus  and  Poisson's  ratio  for  these  rock  types.  Vet  as  shown  in  the 
summary  in  Table  3-6,  the  range  is  not  that  great.  Typically  the  maximum  modulus 
values  are  in  the  range  of  80  x  I06  KN/m2  (11.6  x  I06  psi)  to  100  x  I06  KN/m2 
(1*1.5  x  10  psi)  while  the  minimum  modulus  values  are  in  the  ra-.ge  of  I  x  I06 
KN/m2  (0.14  x  I06  psi)  to  10  x  I06  KN/m2  (1.45  X  I06  psi).  The  average  values 
are  in  the  range  of  20  x  l06KN/m2  (2-9  x  I06  psi)  to  60  x  l06KN/m2  (8.7  x  I06  psi) 
while  the  overall  average  for  the  163  tests  is  43-4  x  l06KN/m2  (6.3  x  I06  psi). 
Similarly,  the  maximum  values  of  Poisson's  ratio  vary  from  0.32  to  0.73 
(0.46  if  the  one  dilatant  value  is  excluded)  while  the  minimum  values  vary  from 
0.02  to  0.09.  The  average  values  range  only  from  0.15  to  0.26  while  the  overall 
average  for  the  141  tests  is  0.20. 

Little  data  were  available  on  anisotropic  properties  under  uniaxial  conditions. 
The  available  data  on  two  sandstones  (SCU-7  and  SCU-8)  and  one  shale  (SCU-24) , 
however,  indicate  that  anisotropy  is  relatively  unimportant.  In  fact,  these 
values  are  close  enough  so  that  they  are  well  within  the  range  of  material 
variation  and  test  scatter. 

Nonlinear  Stress-Dependent  Modulus  Relationship 

Recently,  Duncan  and  Chang  (1970)  proposed  a  simple,  practical  stress-strain 
relationship  for  soils  and  demonstrated  its  applicability  in  use  for  a  deep 
excavation  in  soil  (Chang  and  Duncan,  1970).  This  relationship  was  formulated 
from  empirical  nonlinear  and  stress-dependent  relationships  proposed  previously 
and  only  includes  parameters  readily  obtainable  from  conventional  laboratory  shear 
tests.  It  is  interesting  to  note  that  work  presently  near  completion  at 
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or-  o 
o  3>  T>  — 
C  l/*  >  IS! 


GRAN  I TE 

GUAOARRAMA  GRANITE 
TREMONT  CANYON  GRANITE 

(HOMOGENEOUS, COARSE -GRA I NEO) 

CRtMONT  CANYON  GRANITE 
(COARSE -GRA I NEO, SLIGHTLY  WEATHEREO) 
FREMONT  CANYON  GRANITE 
(COARSE-GRAINED) 

SAL  I OA  GRANITE 

MITIOIERI  QUARRY  PORHYRITIC  GRANITE 
VAL  I  NIIOS  QUARRY  GRANITE 
CANTAPEIRA  OUARRY  GRANITE 
)  PICCICACCO  OUARRY  TOURMALINE  GRANITE 
I  GRANITE 
!  GRANITE 
!  GRANITE 

'  ACC  NEVADA  TEST  SITE  GRANITE 

(OENSE, COARSE-GRAINED, UN WEATHEREO) 

S  GRANO  COULEE  GRANITE 

(MASSIVE .MEOIUM-GRAINEO) 

>  POLE  HILL  POWER  PLANT  GRANITE 
(COARSE-GRAINED) 

'  GRANO  COULEE  GRANITE 

(MEOIUM-GRAINEO. SLIGHTLY  ALTEREO) 

1  GRAND  COULEE  GRANITE 

(MEOIUM-GRAINEO, SLIGHTLY  ALTEREO) 

I  POLE  HILL  PEGMATITE  GRANITE 
(VERY  COARSE-GRAINEO) 

I  PIKES  PtAK,  GRANITE 

(COARSF-GRA I NEO. WEATHEREO) 

PIKES  PCAK  GRANITE 
(OENSE. MEOIUM  TO  F I NE -GRA I NEO) 

RARRE  GRANITE 
(GEIISC, MEOIUM-GRAINEO) 

AEC  NEVADA  SITE  QUART2  MON20N I TE 
(IJNWEATHEREO.UNCRACKEO) 

I  AEC  NEVAOA  SITE  0UART2  MON20IIITE 
I UNWE ATHERLO, SL I GHTL Y  CRACKEO) 

AEC  NEVADA  SITE  0UART2  MON20N I TE 
(SLIGHTLY  ALTEREO) 

GAROEN  VALLEY  0»M  OUART2  0I0RITE 
I  (C0ARrE-GRAiNE0, sughtly  fractureo) 
GAoBRO 
GARQRO 
GABBRO 

MORROW  POINT  OAM  PEGMATITE 
(MASS  I  VC, HARO, COARSE- GRA I NEO) 
PORPHYRY 

GRAIIO  COULEL  M0N2OHITE  PORPHYRY 
(DLHSE. MASSIVE) 

GRANO  COULEE  M0N20N  I  TE  PORHYRY 
(OENSE. MASSIVE, VERY  HARO) 

CEDAR  CITY  TONAL  I TE 
(FRIABLE , MEOIUM  TO  F I NE-GRA I NEO) 
CASCATA  QUARRY  OIABASE 
CHAPADAO  QUARRY  OIABASE 
I  I  ABASE 

I’ALISAOES  OIABASE 
(DENSE, MASSIVE. MEOIUM-GRAINEO) 
COGGINS  OIABASE 

|  'DENSE. MASSIVE .MEOIUM-GRAINEO) 

FRENCH  CREEK  OIABASE 
(DENSE. MASSIVE. MEOIUM-GRAINFD) 


JUOO  (1969) 

SALAS  (1968) 

NESBITT  (I960) 

NESBITT  ( I960) 

NESBITT  (I960) 

HOSKINS  e  HORINO  (1969) 
RUI2  (1966) 

RUI2  '1966) 

RUI2  (1966) 

PUI2  (1966) 

GEYER  G  MYUNG  (1970) 
GEYER  C  MYUNG  (1970) 
GEYER  t  MYUNG  (1970) 

STOWE  (1969) 

BALMER  (1953) 

BALMER  (1953) 

BALMER  (1953) 

BALMER  (1953) 

BALMER  (1953) 

MILLER  (1965) 

MILLER  (1965) 

MILLER  (1965) 

CORO  I NG  (1967) 

CORDING  (1967) 

CORDING  (1967) 

BALMER  (1953) 

GEYER  l  MYUNG  (1970) 
GEYER  G  MYUNG  (1970) 
GEYER  f.  MYUNG  (1970) 

USBR  (1965) 

JUDO  (1969) 

B.  MER  (1953) 

GAMMER  (1953) 

SAUCIER  (1969) 

RUI2  (1966) 

RUI2  (1966) 

JUOO  (1969) 

MILLER  (1965) 

MILLER  (1965) 

MILLER  (1965) 


Mote:  IKN/M  I /loo  BAR;  1/100  ATMOSPHERE!  1/100  TON/FT2;  1/100  KG/CM2;  1/7  PSI 
A  -  Ten  Results  at  50/  of  Failure 

TABLE  3-1  UNIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 
IGNEOUS  (PLUTONIC)  ROCK  TYPES 
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-H 

-C 
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z 

no  o  r- 

o 

i/> 

O  — 

—  X 

REFERENCE 

CTN 

1 

- .. — 

' 

w 

Va) 

IVIJ-  1 

JMP  1  A  OAM  RASALT 

1 VII- 2 

DENSE) 

BARRA  BONITA  OAM  BASALT 

2.92 

3.00 

2.7 

73.0 

0.21 

loA.8 

- 

RUIZ  (1966) 

IVU-3 

(OENSE) 

JUP.UM  1  R 1 M  OAM  BASALT 

2.82 

2.97 

5.0 

61.0 

0.19 

137. A 

- 

RUI2  (1966) 

l»'ll-Jj 

(OENSE) 

MUSSA  OUARRY  BASALT 

2.52 

2.71 

6.7 

A2.8 

0.16 

133.0 

- 

RUIZ  (1966) 

1  VIJ-5 

(OENSE) 

AEC  NEVADA  SITE  BASALT 

2.50 

2.68 

6.9 

AA.O 

0.  )9 

126.8 

- 

RUIZ  (1966) 

IVU-6 

(OENSE, FINE-GRAINEO.UNWEATHEREO) 

HOWARO  PRAIRIE  OAM  BASALT 

2.70 

2.83 

6.6 

3A.9A 

0. 32A 

IA8.0 

13  1 

STOWE  0969) 

t  VII- 

(VERY  OENSE, F 1 NE-GRA 1 NEO) 

LOWER  GRANITE  BASALT 

- 

2.73 

3.1 

61.8 

0.23 

1 9 .  0 

- 

balmer  0953) 

I VH -R 

(MAS' IVE, COMPACT) 

LITTLE  GOOSE  BASALT 

2.73 

- 

- 

50. 2A 

0 . 2  AA 

228.0 

12.9 

MILLER  0965) 

i  vii- 9 

(MASS IVE, COMPACT) 

JOHN  OAY  BASALT 

2.82 

- 

- 

77.  SA 

0.27A 

296.0 

1  1  .  1 

miller  0965) 

1 VII- JO 
IVU  \\ 

(MASSIVE, COMPACT  TO  VESICULAR) 

BASALT 

PALISAOES  RAM  IIYPERSTHENE  ANOESITE 

2.87 

2.66 

2.86 

10.2 

83. 8A 
38.8 

0.29A 

0.16 

355.0 
IA6. 1 

1 A .  5 

miller  0965) 

JUOO  0969) 

1  Vi  -  1  2 

(FINE-GRAINED, VERY  HARO) 

AEC  NEVADA  SITE  TUFF 

- 

2.57 

A. 2 

AA.  3 

0.16 

130.6 

- 

BALMER  (1953) 

VII-  1  5 

(REO  TO  REO-YELLOW,W= 19-3  ) 

AEC  NEVADA  SITE  TUFF 

1.92 

- 

- 

3.A5A 

C.2AA 

9.65 

- 

COROING  0967) 

1 VH-  1  ^ 

• v  El. LOW,  11=  17.5  ) 

■.EC  IIFVAOA  SITE  TUFF 

2.00 

- 

- 

15. 6A 

0.09A 

35-3 

- 

C0R0IHG  0967) 

IVU-  K 

iFEO  AMO  YELLOW,  ) 

AEC  NEVAOA  SITE  TUFF 

1.60 

- 

- 

t>.  3AA 

o.  i5a 

22.3 

- 

COROING  0967) 

i  VII-  1 6 

(FAIRLY  WELOEO  ASH,  W«2I. 1. ) 

HOWARD  TRAIRIE  OAM  LITHIC  TUFF 

1.92 

2  39 

19.8 

3.65A 

0. 19A 

11.3 

1.17 

STOWE  0969) 

IVIJ- 1  7 

(HIGHLY  POROUS,  FINE  TO  MEOI UM-GRAINEO) 
NTS ■ E  TUNNEL  TUFF 

- 

1 .65 

A2.S 

1.25 

0.0; 

3-65 

- 

BALMER.  0953) 

(POROUS. CEMENTEO) 

1 .61 

5.03A 

A 

0 . 2 1 

2A .  1 

1  .AS 

MILLER  0965) 

M'lFII- 1 

CASPAR  CUARRY  GRANULITE 

2.58 

2.63 

1.9 

At. 7 

0.31 

1  10. C 

RUIZ  0  966) 

m'H  u-2 

°IJART2  1 TE 

2.70 

2.82 

l.l 

62.9 

0.  If. 

292.0 

_ 

JUDO  0969) 

MN  r 1  • 

\FU  K 

JARAGHA  HILL  OUARI 7 1 T E 

OIIMTZITE 

2.63 

2.67 

1.2 

5A.8 

0.08 

226.0 

- 

RUIZ  (1966) 

MU'  U  5 

•''P.ACTUREO) 

'".JART2ITE 

76.  A 

0.10 

- 

- 

GEYFR  t  MYUNG  0  970) 

MNni  6 

IFRACTUREO) 

''IIART2ITE 

6A.A 

0.22 

- 

- 

GEYER  £  MYUNG  0970) 

MNFIJ-  7 

(FINE-GRAJNEO) 

BARAROO  0UART2ITE 

79.3 

0.17 

- 

- 

LEEMAII  0966) 

Miirj-i 

(massive.brittle.fine-graineo) 

2.62 

88.  AA 

0.  IIA 

320.0 

1  1  .0 

MILLER  0965) 

HARRLE 

2.69 

2.75 

0.9 

35.9 

0.2A 

102.3 

11.8 

JUOO  0969) 

MNFIl-V 

caktmage  marble 

2.6A 

- 

- 

A7.9 

0.17 

loC.n 

HOSKINS  £  IIORINO  096= 

MNFIJ-  10 

TACONIC  WHITE  MARBLE 

(MASSIVE .FINE-GRAINEO) 

2.71 

- 

- 

A7.9A 

o.aoa 

62.0 

1.17 

MILLER  0965) 

«nr  i  n 

CHEROKEE  MARBLE 

MNFU- 1 2 

(MEDIUM  TO  COARSE-GRAINEO) 

IMPERIAL  OANBY  MARBLE 

2.71 

_ 

55. 8A 

0.25A 

66.9 

1.79 

MILLER  0965) 

(MASSIVE,  MEOIUM-GRAINEO) 

_LZL 

_ _ 

60.  AA 

0.3AA 

6A.8 

2.21 

MILLER  0965) 

note:  IKN/M2  1/100  BAR;  1/100  ATMOSPHERE ;  1/100  TON/FT2;  1/100  KG/CM2;  1/7  RSI 
A  -  Trst  Results  at  50'  of  Failure 

TABLE  3-2  UNIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 
IGNEOUS  (VOLCANIC)  ROCK  TYPES  AND  FOR 
METAMORPHIC  (NON-FOLIATED)  ROCK  TYPES 


ROCK 

NUMBER 

OE  SCR  1  P'1  ION 

OENSITY 

(GM/CH3) 

— 

SPECIFIC 

GRAVITY 

POROSITY 

m 

ELASTIC 

MODULUS 

POISSON'S 

RATIO 

*  1/10/ 
;*  ho; 
z  x  3  : 

\  m  D  ' 

■X  z  3D 

rs>  o  m 

X  H  tn 

—  X  l/i  - 

O  — 

1  < 

\jj  m 

TENSILE 

STRENGTH 

REFERENCE 

MFU-I 

EUCLIOES  OA  CUNHA  OAM  GNEISS 

2.75 

2.79 

i  .it 

78.6 

0.22 

132.6 

- 

RUIZ  (1966) 

MFU-2 

CRAM  INHA  DAM  GNEISS 

2.63 

2.73 

3.7 

76.3 

0.27 

165.0 

- 

RUIZ  (1966) 

MFU-3 

C.T.A.  QUARRY  GNEISS 

2.62 

2.70 

3.1 

52.7 

0.19 

105.6 

- 

RUIZ  (1966) 

mfu-6 

JAGUARE  OUARRY  GNEISS 

2.70 

2.73 

1 . 1 

78.3 

0.26 

137.1 

- 

RUIZ  (1966) 

MFU-5 

CAMARUEIRO  QUARRY  GNEISS 

2.60 

2.63 

1  . 

68.8 

0.60 

93.6 

- 

RUIZ  (1966) 

MFU-6 

GNEISS 

- 

- 

- 

66. 1 

0.19 

- 

- 

GEYER  £  MYUNG  (1970) 

MFU-7 

GNEISS 

- 

- 

- 

72.6 

0.19 

- 

- 

GEYER  £  MYUNG  (1970) 

MFU-8 

OWORSHAK  GNEISS 

(MEOIUM  TO  FINE-GRAINED) 

(FOLIATION  AT  65°  TO  CORE  AXIS) 

2.79 

- 

- 

53. 6A 

0.36* 

162.0 

6.89 

MILLER  (1965) 

MFU-9 

O.E.R.  QUARRY  GRANITIC  GNEISS 

2.68 

2 .  76 

2.2 

66.6 

0.23 

88.8 

- 

RUIZ  (1966) 

MFU-IO 

EUCLIOES  OA  CUNHA  OAM  GRANITIC  GNEISS 

2.65 

2.68 

1 .1 

81.7 

- 

151.0 

- 

RUIZ  (1966) 

MFU-  1  1 

MONTEZUMA  TUNNEL  OIORITE  GNEISS 

(HARO, MEOIUM  TO  COARSE-GRAINED) 

- 

2.86 

0 . 4 

68.6 

0.09 

86.5 

- 

BALMER  (1953) 

MFU-12 

MIGMATITE 

- 

- 

- 

80.0 

0.22 

- 

- 

GEYER  £  MYUNG  (1970) 

MFU- 1 3 

MIGMATITE 

- 

- 

- 

80.0 

0.17 

- 

- 

GEYER  E  MYUNG  (1970) 

MFU-16 

SCHIST 

2 . 76 

2.80 

3.7 

36.9 

0.1 1 

50.3 

- 

JUOD  (1969) 

MFU- 1 5 

FREMONT  CANYON  SCHIST 

(OENSE.VERY  FINE-GRAINEO) 

- 

- 

- 

69.0 

0.19 

- 

17.6 

NESBITT  (I960) 

MFU- 16 

LUTHER  FALLS  SCHIST 

(MICACEOUS  FOLIATION) 

-  If>a 

(FOLIATION  X  TO  CORE  AXIS) 

2.81 

- 

- 

20 -7a 

°.3IA 

55.2 

0.55 

MILLER  (1965) 

-  16b 

(FOLIATION  //  TO  CORE  AXIS) 

2.82 

- 

- 

58.  IA 

0.i8A 

82.7 

5.26 

MFU- 1 7 

MORROW  POINT  OAM  QUARTZ  MICA  AUGEN  SCHIST 

(HARO , ME 0 1 UM-GRA 1 NEO) 

2.72 

0.7 

28.5 

0.06 

107.5 

USBR  (1965) 

MFU- 18 

MORROW  POINT  DAM  QUARTZ  MICA  SCHIST 

(MEOIUM  TO  COARSE-GRA 1 NEO ) 

- 

2.76 

2.0 

8.20 

0.06 

66.0 

USBR  (1965) 

MFU- 19 

MORROW  POINT  OAM  MUSCOVITE  BIOTITE  SCHIST 

(COARSE-GRAINEO) 

- 

2.83 

1.7 

5.93 

0.02 

26.9 

USBR  (1965) 

MFU-20 

MONTEZUMA  TUNNEL  BIOTITE  SCHIST 

(HARO, MIXTURE  OF  SCHIST  £  PEGMATITE) 

- 

2.70 

0.8 

39.8 

0.05 

68.1 

BALMER  (1953) 

MFU-2 1 

MONTEZUMA  TUNNEL  B 1 OT 1 TE -CHLOR 1 TE  SCHIST 

(HARD, FINE-GRAINEO) 

- 

2.71 

0.8 

66.9 

0.18 

78.3 

BALMER  (1953) 

MFU-22 

MONTEZUMA  TUNNEL  Bl OT 1 TE -S 1 LL 1  MAN  1 TE  SCHIST 

(MOOERATELY  HARO, MEOIUM  TO  FINE-GRAINEO, 

SLIGHTLY  ALTEREO) 

- 

2.72 

1.0 

21.2 

- 

21.0 

BALMER  (1953) 

1  MFU-23 

MONTEZUMA  TUNNEL  Bl OT 1 TE -S 1 LL 1  MAN  1 TE  SCHIST 

(SOFT  TO  MOOERATELY  HARO, QUARTZ  INJECTIONS) 

- 

2.71 

2.8 

23.3 

0.09 

19.9 

BALMER  (1953) 

MFU-26 

SLY  PARK  OAM  OUARTZOSE  SERICITE  SCHIST 

('■OROUS, MEDIUM -GRAINED) 

- 

2 .  67 

11  .  ^ 

8.62 

0.06 

15.0 

BALMER  (1953) 

MFU-25 

MORROW  POINT  OAM  HORNBLENDE  SCHIST 

(MEOI UM-GRA 1 NEO) 

- 

2.76 

0.6 

61.0 

0.  16 

198.7 

USBR  (1965) 

MFU-26 

SLY  PARK  DAM  GRAPHITIC  PHYLLITE 

(POROUS, FINE-GRAINEO, SLIGHTLY  TO  MOOERATELY 

WEATHEREO) 

* 

2.35 

15.3 

9.65 

- 

6.6‘ 

- 

BALMER  (1953) 

MFU-2  7 

SLY  PARK  OAM  QUARTZOSE  PHYLLITE 

(POROUS, FINE-GRAINEO, SLIGHTLY  WEATHEREO) 

* 

2.18 

22.6 

8.62 

0.02 

9.3 

- 

BALMER  (1953) 

MFU-28 

SLY  PARK  OAM  SERICITE  PHYLLITE 

(POROUS, FINE-GRAINEO, MOOERATELY  WEATHEREO) 

(FOLIATION  AT  30°  TO  CORE  AXIS) 

" 

2 . 31* 

17-6 

17-3 

“ 

9-8 

- 

BALMER  (1953) 

Note:  IKN/M2  =  t  / 1 00  BAR;  1/100  ATMOSPHERE  ;  1/100  TON/FT2  ;  1/100  KG/CM2;  1/7  PS  I 


A  -  Test  Results  at  505;  of  Failure 

TABLE  3-3  UNIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 
METAMORPHIC  (FOLIATED)  ROCK  TYPES 
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ROCK 

NUMBER 


SCU-  I 
SCU-2 
SCI)- 3 
SCU-)) 
SCU-5 
SCU-6a 
-6b 
-6c 
-6d 
SCU-7 

-7a 

-7b 

-7c 

SCU-8 

-3a 

-8b 

-8c 

SCU-9 
SCU- 10 
SCU-II 
SCU- 1 2 

Scu- 13 
I  scu-u 

* SCU- I  5 

SCU- 1 6 
SCU- I  7 
SCU- 1 8 

SCU-  19 

I SCU-20 

SCU- 2  3 

SCU-22 

SCU-23 

SCU-2A 

-2  Aa 
-2Ab 
-me 
SCU-25 

SCU-26 


description 


BRECCIA 

CONGLOMCRATE 

SANDSTONE 

LDNGMDNT  SANDSTONE 
BDiUC.'TU  SANDSTONE 
BUNTER  SANDSTONE 


W.A.C.  BENNETT  NA  SANDSTONE 
(HARD.CHERTY) 

(ALONG  STRIKE) 

(ALONG  DIP) 

(NDRMAL  TO  BEDDING) 

W.A.C.  BENNETT  N5  SANDSTONE 
(HARD.CHERTY) 

(ALDNG  STRIKE) 

(ALONG  DIP) 

(NORMAL  TO  BEDDING) 

BEREA  SANDSTONE 

(MASSIVE. FINE-GRAINED, SLIGHTLY  PDRDUS) 

CRAB  DRCHARD  SANDSTDNE 
(DCNSE, FINE-GRAINED) 

NAVAJD  SANDSTONE 
(POROUS. MEDIUM  TD  FINE-GRAINED) 

ALCOVA  POWER  PLANT  TENSLEEP  SANDSTDNE 
(PDRDUS, FINE-GRAINED) 

S I LTSTDNE 

HACKENSACK  SILTSTDNE 
(DENSE, MASSIVE, CLAYEY, CEMENTED) 

MDNTICELLO  DAM  SILTSTONE 
"’OROUS, FINE-GRAINED) 

GRAYWACKE 

SUBGRAYWACKE 

MDNTICELLO  DAM  SUBGRAYWACKE 
(POROUS, MASSIVE, COARSE-GRAINED) 

MONTICELLD  DAM  SUBGRAYWACKE 
(POROUS, CDARSE-GRAINED, SLIGHTLY  WEATHERED) 
MONTI  CELLO  DAM  SUBGRAYWACKE 
(PORDUS.MASSIVE.FINC-GRAINED) 

MONTICELLD  DAM  SUBGRAYWACKE 
(PDRDUS, MASSIVE, MEDIUM-GRAINED) 

MDNTICELLD  DAM  SUBGRAYWACKE 
(PDRDUS, MASSIVE, MEDIUM  TO  CDARSE-GRAINED) 
SHALE 

W.A.C.  BENNETT  115  SHALE 
(SILTY, RELATIVELY  SOFT) 

(ALDNG  STRIKE) 

(ALDNG  DIP) 

(NDRMAL  TD  BEDDING) 

MARBLE  CAIIYDN  DAM  CALCAREOUS  SHALE 
(HARD, FINE-GRAINED) 

MARBLE  CANYON  DAM  QUARTZOSE  SHALE 
(HARD, LAMINATED) 
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z  o  > 

"•»  C  l/» 

X  r-  h 

M  C  — 

X  IAO 

POISSON' 

RATIO 

COMPRESS 

STRENGTH 

(KN/M2xl 

— .  lO  — « 

h  m 
Z  X  z 

"v  m  i/Y 

3  2- 
mci  r 
x  H  m 

1 

to 

O  — 

l  < 

o 

1 

REFERENCE 

S' 

w  m 

w 

2.66 

2.71 

1 A .  2 

12.-7 

- 

1 10.  3 

- 

JUDD  (1969) 

“ 

2.72 

“ 

13.0 

0.15 

226.0 

- 

JIIJO  (1969) 

2.22 

2.32 

21.4 

5.0 

0.  IA 

62.7 

1.93 

JUDD  (1969) 

2.35 

- 

- 

31.2 

D  .08 

169.8 

- 

HOSKINS  S  HORINO  (1969) 

2.32 

2.  AN 

5.0 

22.8 

D.  1 1 

76.1 

- 

RUIZ  (1966) 

- 

- 

1 6. 6 
12.  D 

12.1 

12.6 

0.20 

0.21 

- 

MDRGENSTERN  5  PHUKAN  ( 1966) 

- 

ID.O 

23.1 

0.15 

- 

_ 

15.3 

12.5 

0 . 1 8 

- 

- 

- 

- 

17-9 

- 

136.5 

IMRIE  S  JORY  (I968) 

“ 

16.5 

- 

133.0 

- 

15.9 

122.0 

- 

- 

- 

- 

17.2 

- 

113.0 

IMRIE  6  JORY  (1968) 

“ 

15.2 

“ 

129.6 

- 

“ 

17.9 

IAO.O 

- 

2.18 

- 

- 

19.  3A 

0. 38A 

73.8 

1.17 

MILLER  (1965) 

2.53 

- 

- 

39. 2A 

D.A6A 

2 1 A .  0 

8.  IA 

MILLER  (1965) 

2.0? 

- 

- 

15. 3A 

0 . 3 1 A 

A3  .  A 

1 .2A 

MILLER  (1965) 

- 

2.33 

13.8 

19.1 

0.11 

72. A 

balmer  (1953) 

2.15 

2.67 

16.6 

32.8 

0.23 

ID8.2 

- 

JUDD  (1969) 

2.59 

- 

- 

26. 2A 

A 

0. 22M 

122.7 

2.96 

MILLER  (1965) 

- 

2.50 

10.3 

13.1 

0.09 

2A.  1 

. 

BALMER  (1953) 

2 . 46 

9.2 

20. 1 

0.08 

79.3 

- 

JUDD  (1969) 

2 . 66 

33 

33.1 

0.08 

80.0 

- 

JUDD  (1969) 

* 

2 .2.6 

10.3 

II. A 

0.05 

5A.5 

- 

BALMER  (1953) 

“ 

2.A9 

9.7 

9.52 

0.D8 

30.6 

- 

BALMER  (1953) 

2.AI 

12. D 

II. A 

D .  D  7 

A8. 3 

- 

BALMER  (1953) 

- 

2.  AN 

11.5 

12.3 

0.D6 

A8.8 

- 

BALMER  (1953) 

- 

2.A9 

9  7 

9.93 

0.05 

50.7 

- 

BALMCR  (1953) 

2.21 

2.59 

16.2 

21.9 

0. 18 

67.6 

2.41 

JUDD  (1969) 

- 

- 

- 

38.6 

- 

9A.A 

IMRIE  l  JORY  (1968) 

- 

30.  A 

- 

81.3 

- 

- 

“ 

36.5 

112.3 

- 

- 

2.67 

1.8 

13.7 

0 .  D  3 

36.0 

- 

BALMER  (1953) 

- 

2.69 

6.6 

15.0 

0 .  D  7 

122.5 

BALMER  (1953) 

Note : 


IKN/M2  »  1/100  BAR;  I/1DD  ATMDSPHERE ;  1/100  TON /FT2  ■,  1/100  KG/CM2;  1/7  PS  I 
A  -  Test  Results  at  50$  of  Failure 


TABLE  3-4  UNIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 
SEDIMENTARY  (CLASTIC)  ROCK  TYPES 
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ROCK 

NUMBER 

DESCRIPTION 

DENSITY 

(GM/CM3) 

SPECIFIC 

GRAVITY 

POROSITY 

(%) 

smnoow 

3I1SVT3 

POISSON’S 

RAT 1 0 

— ^  trt  O 

2  O 

2  3)  3 

'»«.  m  *o 

X  z  50 

w  n  m 

X  -H  trt 

—  X  cn 

o  — 

1  c 

r*i 

Lrt  -4 
x  — *  m 

Z  50  Z 
^  m  yi 

I  z  - 
wnr 
x  -*  m 
—  X 

o 

1 

w 

REFERENCE 

SCHU-I 

SOLENHOFEM  LIMESTONE 

(MASSIVE ,VERY  FINE-GRAINED) 

2.62 

- 

- 

63. 8A 

0.29A 

245.0 

4.00 

MILLER  (1965) 

SCHU-2 

LIMESTONE 

2.67 

2.90 

11.5 

34.7 

0.22 

75. 1 

- 

JUDD  (1969) 

SCMU-3 

KANSAS  LIMESTONE 

2.10 

- 

- 

25.7 

0.20 

50.6 

- 

MOSKINS  6  MORINO  (1969) 

SCHU-4 

TAQUARUSSU  QUARRY  LIMESTONE 

2.7*1 

2.79 

2.0 

82.4 

0.33 

90.7 

- 

RUIZ  (1966) 

SCHU-S 

PERUS  OUARRY  LIMESTONE 

2.72 

2.75 

1.2 

64. A 

0.23 

62  9 

- 

RUIZ  (1969) 

SCHU-6 

PIRAPORINHA  QUARRY  LIMESTONE 

2.71 

2.73 

0.1* 

90.0 

0.28 

67.6 

- 

RUIZ  (1969) 

SCHU-7 

AEC  NEVADA  SITE  LIMESTONE 

(DENSE, FINE-GRAINED, STYLOLITE  SEAMS) 

2.70 

2.72 

o.5 

77. 4A 

0 . 26A 

77.1 

8.34 

STOWE  (1969) 

SCHU-8 

BEDFORO  LIMESTONE 

(POROUS, OOLITIC) 

2.21 

- 

- 

28.  SA 

0.29A 

51.0 

1.58 

MILLER  (1965) 

SCHU-9 

OZARK  TAVERNALLE  LIMESTONE 

(DENSE, FI  NE-GRAI NEO) 

2.65 

- 

- 

55.  £A 

0.30A 

97.9 

3.92 

MILLER  (1965) 

SCHU- 10 

MARBLE  CANYON  DAM  LIMESTONE 

(FINE-GRAINED, SLIGHTLY  POROUS) 

- 

2  71 

3.4 

67.5 

0.25 

80.4 

- 

BALMER  (1953) 

SCHU-1 1 

MARBLE  CANYON  OAM  LIMESTONE 

(MEDIUM-GRAINED, MODERATELY  POROUS) 

- 

2.68 

4.7 

34.3 

0.20 

127.4 

- 

BALMER  (1953) 

SCHU- 12 

MARBLE  CANYON  DAM  LIMESTONE 

(HIGHLY  POROUS) 

2.44 

13.9 

18.7 

0.19 

133.2 

- 

BALMER  (1953) 

SCHU-I 3 

MARBLE  CANYON  DAM  CMALCEDONIC  LIMESTONE 

(HARD, FINE-GRAINED) 

- 

2.60 

5.4 

57.9 

0.21 

107.4 

- 

BALMER  (1953) 

SCHU- 1  A 

MARBLE  CANYON  DAM  OOLITIC  LIMESTONE 

(HARD, MEDIUM  TO  FINE-GRAINED) 

- 

2.67 

1.6 

47.3 

0.18 

99.4 

- 

BALMER  (1953) 

SCHU- 1 5 

MARBLE  CANYON  DAM  STYLOLITIC  LIMESTONE 

(MEDIUM  TO  F 1 NE-GRA 1 NEO) 

- 

2.73 

3.9 

41.6 

0.16 

79.6 

- 

BALMER  (1953) 

SCHU-16 

ENIWETOK  REEF  BRECCIA  LIMESTONE 

(HARD, VERY  POROUS, FINE-GRAINED) 

- 

2.30 

15.3 

37.8 

0.16 

34.2 

- 

BALMER  (1953) 

SCHU- 1 7 

ENIWETOK  REEF  BRECCIA  LIMESTONE 

(VERY  POROUS, FRIABLE) 

- 

1.82 

32.7 

7.72 

0.12 

5-93 

BALMER  (1953) 

SCHU- 18 

ENIWETOK  REEF  HEAD  LIMESTONE 

(VERY  POROUS, FRIABLE) 

- 

1.79 

36,0 

20.2 

0.24 

21.2 

- 

BALMER  (1953) 

SCHU- 19 

MARLSTONE 

- 

2.22 

2.9 

19.3 

0.04 

114.4 

- 

JUOD  (1969) 

SCHU-20 

DOLOMITE 

- 

2.62 

5.8 

46.3 

- 

96.5 

- 

JUOO  (1969) 

SCHU- 2 1 

CACUPE  QUARRY  DOLOMITE 

2.83 

2.84 

0.3 

67.2 

0.  14 

102.9 

- 

RUIZ  (1966) 

SCHU- 2 2 

DOLOMITE 

- 

- 

- 

78.5 

0.30 

- 

- 

GEYER  4  MYUNG  (1970) 

SCHU-23 

ONEOTA  DOLOMITE 

(POROUS, MASSIVE, FI NE-GRAI NEO) 

2.45 

- 

43.9 

0.34A 

86.9 

4.41 

MILLER  (1965) 

jCHU-24 

LOCKPORT  DOLOMITE 

(POROUS, MASSIVE .GRANULAR, VERY  FINE- 

GRAINED) 

2.58 

“ 

- 

51. 0A 

0.34A 

90.3 

3.03 

MILLER  (1965) 

SCHU-25 

BONNE  TERRE  DOLOMITE 

(DENSE, FINE-GRAINED) 

2.6** 

- 

- 

66. 2A 

0. 35A 

151.7 

5.03 

MILLER  (1965) 

SCHII-26 

ANHYDRITE 

- 

- 

- 

75.8 

0.27 

- 

- 

GEYER  4  MYUNG  (1970) 

SCHU-2  7 

DOMINION  ROCK  SALT 

- 

2.20 

- 

4.65 

- 

35.6 

- 

MUIR  4  COCMRANE  (1966) 

ISCHU-28 

DOMINION  ROCK  SALT 

- 

2.90 

- 

51.5 

- 

157.0 

- 

MUIR  4  COCHRANE  (1966) 

I  SCHU-29 

DOMINION  ROCK  SALT 

- 

2.71 

- 

44.3 

- 

103-7 

MUIR  4  COCMRANE  (1966) 

,  SCHU- 30 

DIAMONO  CRYSTAL  ROCK  SALT 

(MASSIVE,  COARSE-GRAINEO) 

L.t6 

- 

4.89A 

0.73 

21.4 

0.83 

MILLER  (1965) 

,'lnte:  1 KN/H2  *  1/100  BAR;  1/100  ATMOSPHERE;  1/100  TON/FT2;  1/100  KG/CM2;  1/7  PS  I 
A  -  Test  Results  at  502  of  Failure 


TABLE  3-5  UNIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 
SEDIMENTARY  (CHEMICAL)  ROCK  TYPES 


OEMS  I TY 
{ r.  m  /rw^  \ 


SPECIFIC 

GRAVITY 


COMPRESSIVE 

STRENGTH 

(KN/M2xlo‘3) 


TENSILE 

STRENGTH 

(KN/M2xI0'3) 


ELASTIC 
MOOULUS,  E 

(KN/M2xlo“6) 


POISSON'S 
RATIO,  v 


METAMORPHIC 


NON-POL IATEO 


SEDIMENTARY 


NO.  VALUES 

20 

IA 

9 

II 

10 

IA 

MAXIMUM 

3.06 

2.92 

2.71 

2.82 

2.66 

2.83 

MINIMUM 

2.35 

1 .60 

2.58 

2.60 

2.02 

2.10 

AVERAGE 

2.71 

2.A0 

2.67 

2.71 

2.32 

2.36 

NO.  VALUES 

22 

10 

A 

21 

17 

20 

MAXIMUM 

3.0A 

3.00 

2.82 

2.86 

2.72 

2.90 

MINIMUM 

2.50 

1  .AS 

2.63 

2.18 

2.32 

1.79 

AVERAGE 

2.68 

2.61 

2.72 

2.66 

2.53 

2.56 

NO.  VALUES 

22 

10 

A 

21 

20 

17 

MAXIMUM 

9.6 

A2 .5 

1.9 

22.  A 

21. A 

36.0 

MINIMUM 

0.3 

2.7 

0.9 

O.A 

1.8 

0.3 

AVERAGE 

2-3 

10.6 

1.3 

A. 5 

11.3 

8.3 

NO.  VALUES 

31 

17 

9 

2A 

31 

28 

MAXIMUM 

32A.O 

355.0 

320.0 

198.7 

226.0 

2A5.0 

MINIMUM 

A8. 8 

3.65 

62.0 

6.69 

2A.I 

5-93 

AVERAGE 

12.6.2. 

123.9 

150.0 

79.6 

96.3 

88.1 

NO.  VALUES 

10 

6 

5 

A 

6 

8 

MAXIMUM 

12.2 

1 A .  5 

11.8 

17- A 

8.  IA 

9.3A 

MINIMUM 

2.6 

1.17 

1.17 

0.55 

1.17 

0 .83 

AVERAGE 

9.1 

9.0 

5.6 

7-5 

3-0 

3.9 

NO.  VALUES 

AO 

17 

12 

29 

35 

30 

MAXIMUM 

99. A 

83.8 

88. A 

81.7 

39.2 

90.0 

MINIMUM 

7.8 

1 .2 

35.9 

5.9 

5-0 

A.fc 

AVERAGE 

56.6 

38.1 

59.6 

A7.0 

19.3 

A7.0 

NO.  VALUES 

36 

17 

12 

25 

25 

26 

MAXIMUM 

0.39 

0.32 

O.AO 

O.AO 

0.A6 

0.73 

MINIMUM 

0.05 

0.09 

0.08 

0.02 

0.03 

O.OA 

AVERAGE 

0.20 

0.20 

0.21 

0.17 

V.  15 

0.26 

Note:  I  KN/M2  =  I/IOO  BAR;  1/100  ATMOSPHERE;  1/100  TON/FT2;  1/100  KG/CM2;  1/7  PSI 


TABLE  3-6  SUMMARY  OF  UNIAXIAL  STRESS-STRAIN  PARAMETERS 


Duke  University  (Clough,  1971)  has  shown  that  this  relationship  very  well 
models  the  stress-strain  behavior  of  soils  over  virtually  all  stress  and 
strain  conditions  to  at  least  about  75%  of  failure.  On  the  other  hand, 
this  same  study  showed  that  many  other  stress-strain  relationships  (i.e., 
non-linear  elastic,  e  las  to  -  p las t i c ,  empirical,  etc.)  had  limited  range  of 
applicability.  Justification  for  these  conclusions  was  obtained  from 
controlled  triaxial  and  plane  strain  shear  tests,  numerical  analyses  and 
X-ray  observations  of  actual  material  behavior  during  shear.  Since  soil 
and  rock  usually  has  similar  stress-strain  characteristics,  it  is  expected 
that  the  same  conclusions  would  hold  for  rock  as  well  as  for  soil.  In  the 
following  sections,  this  stress-strain  relationship  is  reviewed  and  its 
applicability  to  rock  is  discussed. 

a)  Non  1 i near i ty 

The  nonlinearity  of  the  s t ress-s t ra i n  curves  was  simulated  using  a 
hyperbolic  relationship  proposed  by  Kondner  and  his  co-workers  (Kondner,  1963; 
Kondner  and  Zelasko,  1963a  and  1963b;  Kondner  and  Horner,  1965).  In  their 
approach,  a  nonlinear  stress-strain  curve  is  represented  by  a  hyperbola  of  the 
fo  rm: 


<0I  '  03>  ”  TTbr 


(3-1) 


in  which  (a.  -  aj  is  the  deviator  stress,  e  is  the  axial  strain,  and  a  and  b 
I  i  a 

are  parameters  whose  values  are  determined  empirically.  A*.,  shown  in  Figure  3“1> 
these  parameters  are  the  reciprocals  of  the  initial  slope  (initial  tangent 
modulus)  and  the  asymptote  to  the  stress-strain  curve. 

For  purposes  of  determining  the  values  of  the  parameters  a  and  b  :t  is 
convenient  to  transform  Equation  3-l  into  the  following  linear  form: 

=  a  +  be  (3-2) 

As  shown  in  Figure  3“1,  when  the  relationship  is  represented  in  this  trans¬ 
formed  manner,  the  parameters  a  and  b  are,  respectively,  the  intercept  and 
the  slope  of  the  straight  line. 

The  value  of  the  asymptotic  deviator  stress,  (oj  -  o^)  ,  is  always  somewhat 

larger  than  the  compressive  strength  or  deviator  stress  at  failure,  (oj  -  o^)^. 


These  two  values  may  be  related  as  follows: 

<01  '  Vf  '  Rf(<,l  '  °3>ult  (3-3) 

in  which  R^.  is  a  correlation  factor  called  the  "failure  ratio",  which  always 
has  a  value  less  than  unity.  The  value  of  R^ ,  which  is  determined  empirically 
by  comparing  the  values  of  (0]  -  o^)f  and  (a }  -  o  j|,t,  is  a  measure  of  how  nearly 
the  shape  of  the  stress-strain  curve  may  be  approximated  by  a  hyperbola.  Values 
of  Rj.  equal  to  unity  correspond  to  stress-strain  curves  of  precisely  hyperbolic 
shape,  and  smaller  values  to  stress-strain  curves  of  other  shapes.  Values  of 
Rf  for  a  variety  of  different  rocks  have  been  found  to  be  essentially  independent 
of  confining  pressure. 

The  curves  shown  in  Figure  3-2  demonstrate  the  usefulness  of  this  simole 
hyperbolic  representation  lor  Cedar  City  Tonal ite.  The  average  value  of  the 
failure  ratio  for  this  rock  is  very  low  (0.32)  indicating  that  the  actual  stress- 
strain  curves  are  not  close  to  hyperbolic  in  shape.  The  hyperbolic  curves, 
shown  as  dotted  lines  in  Figure  3“ 2 ,  would  continue  to  much  greater  values  of 
deviator  stress  than  the  actual  compressive  strength.  As  further  shown  in  Figure 
3”2,  the  hyperbolic  representation  is  not  employed  for  values  of  deviator 
stress  exceeding  the  compressive  strength;  at  larger  strains,  the  curves  are 
represented  by  nearly  horizontal  straight  lines.  Because  of  numerical 
difficulties  it  is  not  possible  at  iite  present  time  to  simulate  a  reduction 
in  dev i a  tor  stress  beyond  the  peak  in  incremental  finite  element  analyses  of 
the  type  described  herein.  However,  it  may  be  noted  that  the  hyperbolae  and 
straight  lines  provide  a  reasonable  approximation  of  the  stress-strain  curves  for 
the  tonal ite  even  though  the  failure  ratio  is  very  low.  Studies  of  the  stress- 
strain  curves  for  115  different  rock  types  and  test  orientations  described  in 
subsequent  sections  have  demonstrated  the  suitability  of  this  relationship  for 
a  wide  range  of  rock  types. 

b)  Stress-Dependency 

The  stress-strain  characteristics  of  rock  commonly  depends  on  the 
confining  pressure.  As  shown  in  Figure  3-2,  the  Steen  ess  of  the  initial 
po-tion  of  the  stress-strain  curves  and  the  strength  values  both  increase  with 
increasing  magnitude  of  the  confining  pressure  employed  in  the  tests.  The 
influence  of  confining  pressure  on  the  stress-strain  characteristics  may  be 
incorporated  in  the  stress-strain  relationship  by  relating  the  values  of  the 
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FIG.3-2  EXPERIMENTAL  AND  HYPERBOLIC  STRESS -STRAIN 
CURVES  FOR  CEDAR  CITY  TONALITE 


initial  tangent  modulus  and  strength  with  confining  pressure. 

The  variation  of  initial  tangent  modulus  with  confining  pressure  may 
be  expressed  very  conveniently  in  the  following  form,  suggested  by  Janbu  (1963) 


E.  =  Kp  (— ) 
i  ra  '  p  / 
ra 


(3-4) 


in  which  E  is  the  initial  tangent  modulus,  is  the  minimum  principal 
stress,  pa  is  atmospheiic  pressure  expressed  in  the  same  units  as  E.  and 
o^,  K  is  the  modulus  number,  and  n  is  the  exponent  determining  the  rate  of 
variation  of  E.  with  o_:  both  K  and  n  are  pure  numbers.  Values  of  the 
parameters  K  and  n  may  be  determined  readily  from  the  results  of  &  series 
of  tests  by  plotting  the  values  of  E  against  on  log-log  scales  and  fitting 
a  straight  line  to  the  data,  as  shown  in  Figure  3"3 •  The  data  shown  in 
Figure  3“3  represent  tests  conducted  on  three  different  types  of  rock  and  in 
each  case  these  data  can  be  represented  to  a  reasonable  degree  of  accuracy  by 
a  straight  line  on  a  log-log  plot. 

The  relationship  between  compressive  strength  and  confining  pressure 
may  be  expressed  in  terms  of  the  Mohr-Coulomb  failure  criterion  as  follows: 


!o,  -  o3)f  =■ 


2c  cos<j>  +  2o^  sin<(> 


1  -  simj> 


(3-5) 


in  which  c  and  <j>  are  the  MohcCoulomb  strength  parameters. 

Equations  3“4  and  3" 5  » i n  combination  with  the  previously  described 
hyperbolic  relationship,  provide  a  means  for  relating  stress  to  strain  by 
means  of  the  5  parameters,  K,  n,  c,  <j>,  and  R^.. 

c)  Tangent  Modulus 

The  nonlinear,  stress-dependent  stress-strain  relationship  discussed 
previously  may  be  used  very  conveniently  in  incremental  stress  analyses, 
because  it  is  possible  to  determine  from  this  relationship  the  value  of 
tangent  modulus  corresponding  to  any  point  on  the  stress-strain  curve.  If  the 
value  of  is  assumed  to  be  constant,  the  tangent  modulus  may  be  expressed 


in  the  form: 


Et  = 


9  (o|  -°j) 


(3-6) 
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SHIROCHOBA  PYROXENE  ANDESITE  (M0GI.I965) 
MIZUHO  TRACHYTE  (M0GI.I964) 


CONFINING  PRESSURE,  <rs  (KN/m2) 

VARIATIONS  OF  INITIAL  TANGENT  MODULUS  WITH  CONFINING  PRI 


Performing  the  indicated  differentiation  on  Equation  3"1  and  substituting 
the  parameters  discussed  previously,  the  tangent  modulus  may  be  expressed  as. 


1 

(3-7) 


Although  this  expression  for  the  tangent  modulus  value  could  be  employed 
in  incremental  stress  analyses,  it  has  one  significant  shortcoming:  the  value 
of  tangent  modulus,  Et>  is  related  to  the  strain,  which  has  a  completely 
arbitrary  reference  state.  Because  the  reference  state  for  strain  is  arbitrary, 
and  because  stresses  may  be  calculated  more  accurately  than  strains  in  many 
rock  mechanics  problems,  it  seems  logical  to  eliminate  strain  and  express  the 
tangent  modulus  in  terms  of  the  deviator  stress.  The  resulting  equation  for 
the  tangent  modulus  is: 


2 

.  o,.n  r  Rf  (1  -  sint)))  (o.  -  a.)! 

E  =  Kp  1 - 1 - 1 - -\ 

t  a  Pa  '  2  c  cos<f>  +  2o,  sin<t>  J- 


(3-0) 


The  usefulness  of  Equation  3"0  results  from  its  simplicity  with  regard 
to  two  factors: 

(1)  Because  th^  tangent  modulus  is  expressed  in  terms  of  stresses 
only,  and  not  strains,  it  may  be  employed  for  analyses  of 
problems  involving  arbitrary  initial  stress  condi tions  wi thout 
any  complications. 

(2)  The  parameters  involved  in  this  relationship  may  be  determined 
readily  from  the  results  of  conventional  laboratory  tests.  The 
amount  of  effort  required  to  determine  values  of  the  parameters 
K,  n,  and  R^  is  not  much  greater  than  that  required  to  determine 
va  1  ues  of  c  and  (j) . 

To  study  the  applicability  of  this  stress-strain  relationship  to  various 
types  of  rock,  and  to  determine  values  of  the  required  parameters  for  these 
materials,  a  review  of  published  stress-strain  information  has  been  made.  The 
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results  of  this  review  are  summarized  in  the  following  sections. 

Nonlinear  Modulus  Parameters  Under  Triaxial  ^undi tions 

In  a  manner  similar  to  that  discussed  previously,  an  extensive  literature 
survey  was  conducted  to  locate  data  on  rock  properties  under  triaxial  test 
conditions.  In  all,  data  were  available  for  87  different  types  of  rocks; 
consideration  of  the  data  available  for  one  rock  type  tested  at  several 
orientations  yielded  a  total  of  115  modulus  values.  Since  several  stress-strain 
curves  were  analyzed  to  obtain  each  set  of  nonlinear  modulus  parameters,  it  can 
be  seen  that  at  least  several  hundred  s tress -s t ra i n  curves  were  analyzed;  in 
all  cases,  the  empirical  fit  was  good.  It  should  be  noted  that  a  least  squares 
fit  was  employed  in  obtaining  these  values. 

These  data  were  grouped  together  genetically  and  were  tabulated  as  shown 
in  Tables  3“7  through  3“10.  Whenever  sufficient  data  were  available,  the 
full  description,  density,  specific  gravity,  porosity,  modulus  number  (K) , 
exponent  (n),  failure  ratio  (Rf)  ,  cohesion  (c) ,  angle  of  friction  (<j>)  and  range 
of  confining  pressure  were  included.  As  can  be  seen,  all  of  these  data  were 
not  available  for  all  of  the  rock  types. 

Examination  of  these  data,  a  summary  of  which  is  shown  in  Table  3-11, 
indicates  a  number  of  general  trends  for  the  modulus  parameters  K,  n  and  Rf: 

(1)  Hard,  crystalline  or  homogeneous  rocks  of  low  porosity  tend  to 
have  high  values  of  K  and  low  values  of  n  and  Rf.  The  low  n 
value  indicates  that  the  modulus  is  little  affected  by  confining 
pressure  while  the  low  R^.  value  indicates  stress-strain  curves 
which  are  close  to  being  linear. 

(2)  Porous,  clastic  or  closely  jointed  rocks  tend  to  have  relatively 
low  values  of  K  and  relatively  high  values  of  n  and  Rf,  indicating 
substantial  stress-dependency  and  nonlinearity. 

(3)  Anisotropic  properties  tend  to  be  governed  primarily  by  the  value 
of  K  while,  for  the  most  part,  the  values  of  n,  Rf,  c  and  <f>  tend 
to  be  quite  consistent. 

il\)  Based  upon  the  average  values  shown  in  Table  3-11,  it  can  be  seen 
that  the  average  values  of  n  and  R^.  are  fairly  consistent  with  each 
other,  while  there  is  substantial  variation  in  the  K  values. 
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Note:  I  KN/M2  1/100  BAR;  1/100  ATMOSPHERE;  1/100  TON/FT2;  1/100  KG/CM2;  1/7  PSI 


TABLE  3-7  TRIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 

IGNEOUS  (PLUTONIC  AND  VOLCANIC)  ROCK  TYPES 
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1/100  BAR;  1/100  ATMOSPHERE;  1/100  TON/FT2  ;  1/100  KG/CM2;  1/7  PS  I 


TABLE  3-8  TRIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 
METAMORPHIC  (FOLIATED  AND  NON-FOLIATED) 
ROCK  TYPES 
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3.6  0.12  -  |  -  -  |  1.6-36.6 
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D.63  0.36  35. 6  55.5  I  0-203. 
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D. 1 1  0.81  |  26.9  22.6  0-203 
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0. 15  1  0.66  62.0  30.O  6.9-172. 

0.08  0.66  53 ■ 8  30.0  6.9-172. 

0.16  0.50  66.1  3D. 5  1  6.9-172. 
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0. 13  I  D. 38  62.7  3D. 5  6.9-172. 


0.13  0.66  66.5  21.0  6.9-172. 

D . 06  0.76  61.6  20.5  6.9-172. 

0.07  0.75  3'i.5  19.9  6.9-172. 

0.11  O.63  29. D  18.0  6.9-172. 

0.15  0.65  31.7  19.0  6.9-172, 

0.25  D .69  36.5  | 20.6  6.9-172. 

D.03  D.8D  38.6  20.7  6.9-172. 


HANDIN'  t  HAGER  (1957) 

HAND  I N  i  HAGER  (1957) 
HANOIN  6  HAGER  (1957) 
SCHWARTZ  (1966) 

KING  (I960 

HOSHINO  6  KDIDE  (1970) 
HEARD  (1967) 

HANOIN  6  HAGER  (1957) 

' 

HANOIN  i  HAGER  (1957) 
HANDIN  ET  AL  (1963) 
OEKLOTZ  ET  AL  (1966b) 
DEKLOTZ  ET  AL  (1966b)  I 

I 

HANDIN  6  HAGER  (1957) 
HANDIN  ET  AL  (1963) 

HANDIN  t  HAGER  (1957) 
SINCLAIR  t  BRDOKER  (1967) 

| 

SINCLAIR  t  BROOKER  (1967) 
HANDIN  t  HAGER  (1957) 


McLAMDRE  (’.966) 


McLAMORE  (1966) 


..nte :  I  KN/M 


l/IDO  BAR;  1/100  ATMOSPHERE;  1/100  TON/FT2;  1/100  KG/CM2, 


TABLE  3-9  TRIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 
SEDIMENTARY  (CLASTIC)  ROCK  TYPES 
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SCHT-  1 

DEVONIAN  LIMESTONE 

(HETEROGENEOUS , COARSE- GRA 1 NEO) 

123.1 

0.  12 

0.96 

—  - 

SCHT-2 

FUSSELMAN  lihestone 

20.6 

33.6 

0-203. 

(HETEROGENEOUS, COARSE-GRAINED) 

63.3 

0.20 

0.60 

SCHT  3 

WOLF  CAMP  LIHESTONE 

1  1.  1 

32.7 

0-203. 

(HETEROGENEOUS, FINE-GRAINED) 

77.8 

0.28 

0.63 

SCHT- 

HARIANNA  LIHESTONE 

23.6 

39  8 

0-203. 

i 

(MASSIVE, FRIABLE, DRV) 

2.70 

13.0 

107.5 

SCHT- 5 

MARIANNA  LIHESTONE 

0 

0.3R 

26.8 

26.  A 

0-203. 

SCHT-6 

(MASSIVE .FRIABLE, SATURATED) 

WELLS  STATION  LIHESTONE 

- 

2.70 

13.0 

59.9 

0.09 

0.80 

12.6 

37.6 

0.  3-R.  1) 

(HETEROGENEOUS, FINE-GRAINED) 

R55. 

SCHT-7 

SOLEUHOFEN  LIHESTONE 

0 

“ 

- 

- 

20.6-98. 

(HOMOGENEOUS) 

59R. 

SCHT-8 

SOLENHOFEN  LIMESTONE 

0 

■ 

- 

- 

0. 1-1013. 

(HOMOGENEOUS, AT  25°  C.) 

315. 

0.06 

SCHT -9 

LIHESTONE 

2.6  A 

- 

- 

- 

0-500. 

SCHT- 1 0 

INDIANA  LIMESTONE 

5RR . 

0.02 

“ 

- 

- 

0.1-100. 

(OOLITIC) 

2.20 

2.70 

19.  R 

RA.5 

0. 18 

0.5R 

6.72 

A2.0 

0-9.6 

SCHT-n 

CROWN  POINT  LIMESTONE 

52.1 

0.25 

0.58 

29.6 

7.0 

9.6-68.9 

SCHT- 12 

AEC  HEVAOA  SITE  LIHESTONE 

86  0 

21.3 

20. -180. 

SCHT - 1 3 

(DENSE, FINE-GRAINED) 

Blair  dolomite 

2.70 

2.72 

0.5 

7R2. 

0.0 

0.33 

IR.5 

RR.O 

0-27.6 

(HOMOGENEOUS, FINE-GRAI NEO) 

168.6 

0.  16 

0.50 

j  SCHT- 1 k 

CLEAR  FORK  OOLOMITE 

35.9 

39,0 

0-203. 

1 

'COARSE  TO  F 1 NE-GRA 1 NEO) 

196.5 

0.22 

0.39 

1 SCHT-  5 

FUSSELHAN  OOLOHITE 

73  1 

35.0 

0-203. 

(HETEROGENEOUS, F INE-GRA 1 NEO, CALC  1  TIC) 

86.9 

0.26 

0.60 

58.5 

SCHT- 16 

GLORIETA  DOLOMITE 

39.5 

0-203. 

I 

(HETEROGENEOUS.MEOIUM-GRAINEO.CALCITIC) 

60.5 

0.29 

0.7R 

25.8 

35.0 

SCHT- 1 7  I 

LUNING  OOLOMITC 

0-203. 

(FINE-GRAI NEO, CALCITIC) 

101.3 

0.21 

0.88 

SCHT- 18 

HASMARK  DOLOMITE 

23.7 

3R.0 

0-203. 

I8.i  i 
|  - 1  8b  , 

(HOMOGENEO*.  ’,  DRV,  COARSE-GRAINED) 

(//  TO  FOLIATION) 

(_i.ro  FOLIATION) 

- 

2.91 

2.91 

3.5 

176.2 

0. 11 

0.86 

23.1 

32. 1 

101. -203. 

SCHT-  1 9 

HASMARK  DOLOMITE 

3.5 

153-6 

0.13 

0.81 

A5.6 

30.6 

0-203. 

SCHT- 20 

(HOMOGENEOUS .COARSE-GRA 1 NEO, SATURATED) 
STOCKTON  OOLOHITE  G  DOLOMITE  BRECCIA 

- 

2.91 

3.5 

88.0 

0.17 

0.61 

22.8 

35.5 

0.8-5. 9 

(CALCAREOUS, HEOIUH  TO  FINE-GRAINED) 

2.56 

231.0 

0.02 

3.R5 

61 .0 

SCHT-2 1 

STOCKTON  OOLOHITE  WITH  SHALE  SEAMS 

0.05-12. L 

(LAMINATED) 

2.56 

56.6 

0.27 

0.69 

SCHT-22 

STOCKTON  DOLOMITE  WITH  STVLOLITES 

" 

51.0 

o.R-n.R 

SCHT-23  i 

(CLAV-FILLEO) 

CHALK  (954  CaCOj) 

2.56 

1.62 

2.72 

lio.o 

68.9 

0.13 

0.32 

0.67 

0.5R 

0.76 

0 

56.0 

31.5 

0.8-A.I 

10. -50. 

SCHT-21)  ‘ 

BLAINE  ANHVORITE 

| 

(FINE-GRAINED) 

93.2 

■ 

“ 

0.10  1 

0.78  [ 

1.3. R 

29  • 

0-203.  H 

Note: 

KN/M2  1/100  BAR;  1 / 1 00  ATMOSPHERE;  1/100  TON/FT 

2;  I/IOO  KG/CM2;  1/7 
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REFERENCE 


HAND  I N  G  MAC  R  (1957) 

HANOI N  G  HAGER  ( 1 957) 

HANOIN  l  HAGER  (1957) 

HANOIN  G  HAGER  (1957) 

HANDIN  ET  AL  (1963) 

PATERSON  (1958) 

GRIGGS  (1936) 

HEARO  (I960) 

BIRCH  (1966) 

SCHWART2  (1961)) 

DONATH  (1970) 

STOWE  (1969) 


HANOIN  G  HAGER  (1957) 
HANDIN  ET  AL  (1963) 


TABLE  3-10  TRIAXIAL  STRESS-STRAIN  PARAMETERS  FOR 
SEDIMENTARY  (CHEMICAL)  ROCK  TYPES 


ROCK  TYPE 

"N 

PARAMETER 

NO.  VALUES 

DEN5ITY 

MAX  1  MUM 

(GM/CM3) 

MINIMUM 

AVERAGE 

METAMORPH I  C 


SPECIFIC 

GRAVITY 


EXPONENT,  n 


FAILURE 
RATIO,  R, 


NO.  VALUES 
MAXIMUM 
MINIMUM 
AVERAGE 


POROSITY 

NO.  VALUES 

MAXIMUM 

MINIMUM 

AVERAGE 

COHESION,  c 
(KN/M2xlO'3) 

NO.  VALUES 

MAXIMUM 

MINIMUM 

AVERAGE 

ANGLE  OF 

FRICTION,  f 

NO.  VALUES 

MAXIMUM 

MINIMUM 

AVERAGE 

MOOULUS 

NUMBER,  K 

(  x  I0'3  ) 

NO.  VALUES 

MAXIMUM 

MINIMUM 

AVERAGE 

NO.  VALUES 
MAXIMUM 
MINIMUM 
AVERAGE 


NO.  VALUES 
MAXIMUM 
MINIMUM 
AVERAGE 


13  (ID 

0. 19 
-0.01 
0.03 


NON-FOL IATEO 


II  (10) 
0.  I 6 


SEOIMENTARY 

ALL 

CLASTIC 

CHEMICAL 

6 

6 

61  (39) 

2.69 

2.70 

3.16 

1 .90 

1 .62 

1.65 

2.37 

2.37 

2.65 

6 

9  (8) 

29  (26) 

2.67 

2.58 

2.91 

2.66 

3.06 

2.39 

2.63 

2.77 

2.72 

35  (20) 
73.1 
0.0 
31.7 


37  (22) 
1 .22 
0.00 
0.20 


32  (17) 
0  86 
0.25 
0  57 


22  (20) 
61.0 
7.0 
35-9 


25  (24) 
762.0 
1 .0 
186.6 


25  (26) 
0.67 
0.00 
0.17 


18  ( 
0.96 
0.33 
0.66 


108  (76) 


108  (76) 
36.0 
0.0 
32.0 

115  (87) 


Note:  I  KN/M2  »  1/100  BAR;  1/100  ATMOSPHERE;  1/100  TON/FT2;  1/100  KG/CM2;  1/7  PSI 
Numbers  in  parentheses  Indicate  number  of  different  rock  types. 


TABLE  3-11  SUMMARY  OF  TRIAXIAL  STRESS-STRAIN  PARAMETERS 


These  general  relationships  and  trends  may  provide  a  useful  context  for 
interpreting  the  results  of  tests  on  other  types  of  rocks  and  the  average 
values  of  the  parameters  may  be  useful  for  generalized  studies  or  for 
studies  of  a  preliminary  nature.  For  example,  since  the  average  n  and 
values  are  fairly  consistent,  one  could  approximate  the  nonlinear,  stress- 
dependent  behavior  of  a  given  rock  type  for  preliminary  purposes  with 
these  values  and  the  uniaxial  modulus  since  the  modulus  at  one  atmosphere 
is  equal  to  Kpa.  However,  in  view  of  the  wide  variation  in  the  values 
of  the  stress-strain  parameters,  it  may  be  concluded  that  values  of  these 
parameters  for  use  in  accurate  analyses  should  be  determined  by  conducting 
the  appropriate  tests  on  suitably  selected  and  prepared  rock  specimens. 


Nonlinear  Stress-Dependent  Poisson's  Ratio  Relationship 

In  a  manner  consistent  with  the  definition  of  tangent  modulus  discussed 


previously,  the  tangent  Poisson's  ratio  may  be  defined  as  the  rate  of  variation 
of  radial  strain  with  axial  strain  under  axial  compression  or: 


(3-9) 


in  which  v t  is  the  tangent  Poisson's  ratio,  e  is  the  radial  strain  and  e 
•  ,  r  a 

is  the  axial  strain.  Commonly  it  is  found  that  the  value  of  the  tangent 

Poisson  s  ratio  is  nonlinear  as  well  as  stress-dependent.  Recently  Kulhawy 

et  al  (1969)  proposed  a  simple,  practical  Poisson's  ratio  relationship  for 

soils  and  demons  trated  its  applicability  in  soil  me  chan i cs  p  rob  1 ems .  This 

relationship  was  also  formulated  from  empirical  nonlinear  and  stress-dependent 

relationships  and  only  includes  parameters  readily  obtainable  from  conventional 

laboratory  shear  tests  with  either  radial  or  volumetric  strain  measurements. 

In  the  following  sections,  this  relationship  is  reviewed  and  its  applicability 

to  rock  is  discussed. 


a)  Non  1 i neari ty 

Nonlinear  relationships  between  axial  and  radial  strains  may  be  approximated 
by  an  empirical  hyperbolic  equation  of  the  form: 


e 

r 

£a  f  +  de 

r 


(3-10) 
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in  which  f  and  d  are  parameters  whose  values  are  determined  empirically. 

If  Equation  3-10  is  rewritten  as: 

—  =  f  +  dc  (3-11) 

ea 

it  may  be  noted  that  the  parameter  f  is  the  value  of  the  ratio  e  /t  at 

r  a 

zero  strain.  Thus  the  parameter  f  is  equal  to  the  value  of  tangent  Poisson's 
ratio  at  zero  strain,  which  herein  is  called  the  initial  tangent  Poisson's 
ratio,  v..  The  parameter  d  is  the  slope  of  the  line  represented  by  Equation 
3-11. 

A  study  of  the  behavior  of  a  variety  of  rock  types  conducted  during  the 
course  of  this  investigation  has  shown  that  the  volume  change  characteristics 
of  rocks  may  be  represented  to  a  reasonable  degree  of  accuracy  by  the 
empirical  relationship  shown  above.  For  example,  data  derived  from  tests 
on  Cedar  City  Tonal ite  are  shown  in  Figure  3-4.  It  should  be  noted  that  all 
of  the  curves  for  the  different  confining  pressures  are  not  presented  in 
this  figure  because  many  were  close  to  each  other  and  overlapped.  Neverthe¬ 
less,  it  can  be  seen  that  the  hyperbolic  and  experimental  curves  are  in  good 
agreement. 

Although  the  empirical  hyperbolic  relationship  may  be  used  for  any  values 
of  Poisson  s  ratio,  conventional  finite  element  analyses  may  presently  only 
be  performed  for  materials  having  values  of  Poisson's  ratio  less  than  one- 
half.  Therefore,  if  the  value  of  Poisson's  ratio  determined  from  the  laboratory 
test  results  is  greater  than  or  equal  to  one-half,  it  is  necessary  to  assign 
a  value  slightly  less  than  one-half  for  purposes  of  analysis. 

b)  Stress-Dependency 

As  shown  in  Figure  3-4,  the  variations  of  radial  strain  with  axial  strain 
depend  on  the  value  of  confining  pressure  as  well  as  the  value  of  strain. 

Kulhawy  et  al  (1969)  found  that  the  value  of  v.  (initial  tangent  Poisson's  ratio) 
tended  to  decrease  with  increasing  confining  pressure,  with  the  value  of  v. 
being  approximately  linear  with  logarithm  of  confining  pressure  as  shown  below: 

v.  =  G  -  F  log  (—2-)  (3-12) 

P  a 
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in  which  G  is  the  value  of  v.  at  a  confining  pressure  of  one  atmosphere, 
is  the  minimum  principal  stress  or  confining  pressure,  pg  is  atmospheric 
pressure  expressed  in  the  same  units  as  o^,  and  F  is  a  parameter  whose 
value  is  determined  empirically  and  which  represents  the  rate  of  change  of 
v.  with  increasing  confining  pressure.  Figure  3“5  shows  this  variation 
for  two  types  of  rock,  a  sandstone  and  a  basalt,  from  which  it  can  be  seen 
that  these  data  can  be  represented  to  a  reasonable  degree  of  accuracy  by  a 
straight  line. 

c)  Tangent  Poisson's  Ratio 

The  relationships  expressing  nonlinearity  and  stress-dependency  may  be 
used  to  define  a  value  of  tangent  Poisson's  ratio  for  any  state  of  stress. 
According  to  Equation  3“ 9 ,  which  defines  the  tangent  Poisson's  ratio: 

1  _  (3-13) 

v  3  £. 

t  r 

By  performing  the  indicated  differentiation  on  Equation  3“ 1 0 ,  the  tangent 
Poisson's  ratio  may  be  expressed  as: 

f 

vt  (1  -  dtg)'  (3~  1*0 

As  shown  previously,  the  parameter  f  is  equal  to  v,,  the  value  of  tangent 
Poisson's  ratio  at  zero  strain,  which  is  related  to  confining  pressure  as 
shown  by  Equation  3-12.  Substituting  Equation  3  “  1 2  into  Equation  3-1^  results 
in  the  following  expression: 


G  -  F  log  <°3/pa) 


(1  -  de  )’ 

6 


(3-15) 


The  axial  strain  may  be  eliminated  from  Equation  3“ 1 5  by  expressing  this 
strain  in  terms  of  the  stresses  and  stress-strain  parameters,  using 
Equation  3“ I  as  follows: 


Kp  U) 


1  ^ 

”  1”  I  _  Rfl°l  -  °; 

|_  2c  cos  + 


)  ( 1  -  sine})) 


2o^  s i n <t) 


(3-16) 
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When  this  equation  is  substituted  into  Equation  3-15,  the  tangent  Poisson's 
ratio  may  be  expressed  as: 


G  -  F  log  (a  /p  ) 

_ J  a 


d  ( a  t  ~  a  ^ ) 


o  n(  R 
Kp^  ('  - 1 


R£ (a,  -  o^)  ( 1  -  s 


2c  cos<J>  +  2o^  sine}) 


sinb)') 
i  nd>  J 


(3-17) 


This  expression  contains  eight  parameters:  The  five  modulus  parameters  K, 
n,  c,  4>,  and  R^;  and  three  additional  parameters  G,  F,  and  d.  The  values  of 
all  of  these  parameters  may  be  determined  from  the  results  of  a  series 
of  triaxial  or  plane  strain  compression  tests  with  volume  change  or  radial 
strain  measurements.  Studies  conducted  to  determine  valuer  of  these  para¬ 
meters  for  various  rock  types  are  described  in  the  following  section. 

Nonlinear  Poisson's  Ratio  Parameters  Under  Triaxial  Conditions 

Very  little  data  were  available  in  the  literature  which  could  be 
employed  to  obtain  the  nonlinear  and  stress-dependent  Poisson's  ratio  para¬ 
meters  discussed  above.  Table  3~ 1 2  shows  these  parameters  for  the  eight  rock 
types  available.  Since  one  of  these  rock  types  had  data  available  for  three 
test  orientations,  a  total  of  10  sets  of  parameters  were  obtained.  Maximum, 
minimum  and  average  values  of  these  parameters  are  shown  in  Table  3 — 1 3 • 

Analysis  of  these  limited  data  shows  that  the  variation  in  the  values  of  d 
are  relatively  small,  indicating  that  the  rate  of  increase  of  Poisson's  ratio 
with  strain  or  stress  level  is  similar  for  these  rock  types.  The  values  of  F 
range  from  -0.05  to  0.05  indicating  that  the  initial  tangent  Poisson's 
ratio  values  may  either  decrease  or  increase  0.05  per  log  cycle  of  stress,  a 
factor  which  may  or  may  not  be  significant  depending  upon  the  magnitude  of 
stress  changes  in  a  given  field  problem.  However,  six  of  the  ten  values 
showed  that  there  is  little,  if  any,  change  of  Poisson's  ratio  with  confining 
pressure.  The  largest  and  most  significant  variations  occurred  in  the  values 
of  G,  the  initial  tangent  Poisson's  ratio  at  one  atmosphere.  These  values 
varied  from  0.11  to  0.30,  but  it  is  interesting  to  note  that  the  average  of 
these  values,  0.20,  is  the  same  average  obtained  for  Poisson's  ratio  under 
uniaxial  test  conditions.  Furthermore  the  data  for  the  quartz  monzonite 
indicates  that,  at  least  for  this  rock,  anisotropy  of  the  Poisson's  ratio  para¬ 
meters  is  relatively  insignificant. 
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PARAMETER 


NUMBER 

OF 

VALUES 

MAXIMUM 

MINIMUM 

AVERAGE 

10 

0.30 

0.11 

0.20 

10 

0.05 

-0.05 

0.00 

9 

19*». 

62. 

115. 

TABLE  3-13  SUMMARY  OF  NONLINEAR  TRI AXIAL 
POISSON'S  RATIO  PARAMETERS 


-  •  -  •  •*  •  .  L  JUI  ."IN  1.1  II  s- , .  •:>  -  'I  i  i  J|,'-  ,  M  (iw  I  u 


CHAPTER  ^ 

ANALYSIS  OF  OPENINGS  IN  HOMOGENEOUS  ROCK  MASSES 

Some  types  of  rock  masses  may  be  treated  as  homogeneous  conti nua  from  the 
standpoint  of  analyzing  the  response  of  the  mass  caused  by  making  an  underground 
opening.  The  rock  masses  commonly  in  this  category  are  those  composed  of  massive, 
competent  units  in  which  prominent  discontinuities  are  infrequent  and  do  not  inter¬ 
sect  the  opening  or  pass  near  it,  and,  on  occasion,  those  masses  which  are  intensely 
fractured  to  the  extent  that  they  may  be  statistically  homogeneous.  The  response 
of  rock  masses  falling  into  these  categories  may  be  adequately  evaluated  in  many 
cases  by  using  any  of  a  number  of  closed  form  mathematical  solutions  covered  in 
many  textbooks.  (For  example,  see  Obert  and  Duvall,  1367).  Virtually  all  of 
these  solutions  are  based  upon  linear  elasticity  and,  because  of  mathematical  com¬ 
plexities,  are  for  smooth  opening  shapes  in  which  there  are  no  corners  and  for 
initial  stresses  which  are  constant  with  depth.  Because  of  these  limitations, 
other  opening  shapes  or  in-situ  conditions  must  be  analyzed  by  methods  such  as 
photo-elastic  experimental  methods  or  finite  element  numerical  methods. 

Therefore,  the  studies  presented  in  this  chapter  were  conducted  to  evaluate 
the  behavior  of  underground  openings  in  homogeneous  rock  masses  for  conditions 
generally  unavailable  in  closed  form,  to  identify  the  significance  of  the  key 
parameters  controlling  the  behavior  of  an  opening,  and  to  provide  a  reference 
base  for  later  comparison  of  the  behavior  of  openings  in  homogeneous  rock  with 
those  in  rock  containing  a  single  planar  discontinuity. 

Finite  Element  Idealization 

The  finite  element  meshes  employed  in  the  studies  conducted  for  this  chapter 
are  shown  in  Figures  A-l  and  k-2  and  in  Figures  2-1*  through  2-16  shown  previously. 
All  of  these  meshes  satisfy  the  criteria  for  mesh  design  discussed  in  Chapter  2. 

Qua, ter,  half  and  full  meshes  were  used  for  the  circular  opening  analyses  depending 
upon  the  symmetry  of  the  cases  analyzed.  Somewhat  more  detailed  results  were  sub¬ 
sequently  obtained  for  the  quarter  mesh  analyses  than  the  half  mesh  analyses  which 
in  turn  were  more  detailed  than  the  full  mesh  analyses. 

Excavations  were  mainly  simulated  in  one  step  in  these  analyses  although  two 
forms  of  three  step  excavation,  as  shown  in  Figure  k- 3,  were  simulated  as  well. 

Slight  variations  from  straight  lines  were  made  in  the  three  step  excavation  meshes 
to  facilitate  mesh  design.  Unless  otherwise  noted,  the  results  to  be  discussed  sub¬ 
sequently  in  this  chapter  are  based  upon  one  step  excavation. 
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FIG.  4-1  FINITE  ELEMENT  MESH  FOR 
CIRCULAR  OPENING  IN 

HOMOGENEOUS  ROCK  -  QUARTER  MESH 


EXCAVATION 


3  STEP 

HORIZONTAL 

EXCAVATION 


3  STEP 

VERTICAL 

EXCAVATION 


FIG.  4-3  EXCAVATION  SEQUENCES  EMPLOYED 

FOR  ANALYSES  OF  CIRCULAR  OPENING 


Linear  Material  Properties 

The  theoretical  solutions  show  that  the  stresses  occurring  around  an  opening 
are  independent  of  Poisson's  ratio,  but  in  the  finite  element  method,  the  stresses 
are  dependent  upon  Poisson's  ratio.  To  evaluate  the  magnitude  of  these  effects, 
analyses  were  conducted  with  constant  initial  stresses  and  with  Poisson's  ratio 
varying  from  0.10  to  0.40,  the  typical  bounding  values  found  in  Chapter  3.  No 
analyses  were  conducted  to  evaluate  modulus  effects  because  the  displacements  are 
inversely  proportional  to  the  modulus. 

The  stresses  computed  for  these  two  bounding  cases  are  shown  in  Figures  4-4 

and  4-5,  plotted  on  a  dimensionless  basis  with  respect  to  the  initial  maximum 

principal  stress  (o  . ) .  In  these  and  subsequent  figures,  K  represents  the  initial 
•  •  i  ,  03 i 

principal  stress  ratio,  —-7-,  and  0  represents  the  orientation  of  the  initial  mini- 

°1  i 

mum  principal  stress,  o^,  measured  counterclockwise  from  horizontal.  Figure  4-4 
shows  that  the  maximum  principal  stresses  which  result  are  little  affected  by 
variations  in  Poisson's  ratio.  Around  the  opening,  the  stresses  are  virtually 
unaffected;  at  some  depth  beyond  the  opening  the  values  with  v  =  0.1  are  5$  to  10$ 
higher  than  those  with  v  =  0.4.  Figure  4-5  shows  that  the  minimum  principal 
stresses  are  consistently  lowe-  when  a  higher  value  of  Poisson's  ratio  is  used. 

These  results  occur  because  the  changes  in  minimum  principal  stress  caused  by 
excavation  are  greater  with  a  higher  value  of  Poisson's  ratio,  resulting  in  lower 
final  stress  values.  Although  there  are  differences,  it  should  be  noted  that  in 
all  cases  the  differences  are  relatively  small,  particularly  around  the  opening. 

The  displacements  of  the  opening  face  are  shown  in  Figure  4-6  for  these  two 
cases  along  with  those  from  an  intermediate  value  of  Poisson's  ratio  equal  to  0.25. 
These  values  have  been  made  dimensionless  with  respect  to  the  modulus  (E) ,  opening 
radius  (R),  and  initial  maximum  principal  stress  (cjj.)  for  ea;e  in  comparison. 

This  figure  shows  that  the  largest  crown  and  invert  movements  occur  with  the 
smallest  value  of  Poisson's  ratio,  but  that  the  differences  in  the  three  cases 
analyzed  are  quite  small.  Springline  movements  differ  more  and  range  from  movement 
toward  the  opening  center  with  a  high  value  of  Poisson's  ratio  to  movement  away  from 
the  opening  center  with  a  low  value  of  Poisson's  ratio.  This  form  of  movement 
occurs  because  there  is  more  horizontal  stress  release  from  excavation  for  higher 
values  of  Poisson's  ratio  and  subsequently  the  springline  movements  will  be  greater 
while  the  crown  and  invert  movements  will  be  less. 

*  -  K  values  representing  the  stress  ratio  are  always  S|. 
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FIG.  4-4  CONTOURS  OF  0[/crXi  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK,  K-l/3,9-0 
(VARIABLE  POISSON'S  RATIO) 


FIG.  4-5  CONTOURS  OF  crjcr^  FOR  CIRCULAR  OPENING 
INHOMOGENEOUS  LINEAR  ROCK  ,  K>  1/3  .G-O4 
(VARIABLE  POISSON'S  RATIO) 
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INITIAL  STRESSES 
crj.  =  3.45  MN/m2 

ODICIMAI  ODCMIMA  CM  ADC  - ^  («500Dsi) 


v  =  0 .10  - 

1/  =  0. 25  - 

1/  =  0.40  — 


FIG.  4-6  DISPLACEMENTS  OF  CIRCULAR  OPENING 

IN  HOMOGENEOUS  UNEAR  ROCK,  K»  1/3  ,G«0 
(VARIABLE  POISSON'S  RATIO) 


The  results  of  these  cases  indicate  that,  although  the  Poisson  effects 
are  relatively  small,  any  analyses  should  be  conducted  with  representative 
values  of  Poisson's  ratio;  these  values  may  be  estimated  from  those  presented 
in  Chapter  3.  For  purposes  of  subsequent  analyses,  the  intermediate  value  of 
v  =  0.25  was  selected,  but  it  should  be  remembered  that  the  results  are  not 
independent  of  variations  in  Poisson's  ratio. 

Gravity  Stresses 

The  available  theoretical  solutions  are  based  upon  a  rock  mass  in  which 
the  initial  stresses  are  constant  with  depth.  This  stress  state  is  compatible 
with  deep  openings,  but  not  with  shallow  openings.  To  evaluate  the  depth  effect, 
several  analyses  were  conducted  simulating  the  initial  stress  conditions  in  the 
center  of  the  opening  for  depths  ranging  from  100  feet  to  1000  feet.  Gravity 
loading  vertically  was  taken  to  be  at  the  equivalent  rate  of  one  psi  per  foot  of 
depth  and  Poisson's  ratio  of  0.25  was  used.  To  minimize  the  parameters  to  be 
compared,  the  initial  minimum  principal  stresses  were  set  equal  to  zero  so  that 
only  the  initial  maximum  principal  stresses  would  vary  significantly  with  depth. 

The  computed  dimensionless  /o  ] .  values  are  shown  in  Figures  4-7  through 
4-10.  These  figures  show  that  the  stresses  along  the  opening  boundary  are  little 
affected  by  variations  in  the  initial  gravity  stress  conditions.  But  at  more 
than  about  one  radius,  the  stress  distribution  is  greatly  affected  with  sub¬ 
stantially  higher  stresses  in  the  region  below  the  opening.  Comparing  these 
figures  with  Figure  4-11,  in  which  the  initial  stresses  are  constant  with  depth, 
it  can  be  seen  that  the  values  of  for  gravity  loading  are  very  similar  and 
differ  by  less  than  10%  for  depths  greater  than  about  500  feet.  At  depths 
shallower  than  this,  the  values  differ  by  progressively  larger  amounts,  indicating 
that  gravity  initial  stresses  should  be  included  in  the  analysis. 

Figures  4-12  and  4-13  show  the  dimensionless  o^/o^  .  values  for  gravity  and 

constant  initial  stresses  from  which  it  can  be  seen  that  the  final  a  /a,  values 

3  1 1 

are  essentially  the  same  when  K  =  0.  It  should  be  noted  that  Figure  4-12  is 
representative  of  the  results  from  the  four  gravity  stress  solutions. 

Figure  4-14  shows  the  dimensionless  displacements  for  the  gravity  and  constant 
initial  stress  solutions  and  it  can  be  seen  that  the  displacements  are  essentially 
the  same  at  depths  greater  than  about  500  feet. 
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MIO  -  HEIGHT 


FIG.  4-7  CONTOURS  OF  o; /an  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK  ,  K=0 , 0=0° 
(GRAVITY  STRESSES ,  100  FOOT  DEEP) 


MID-HEIGHT 


4-9  CONTOURS  OF  0[ /OJt  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK,  K«0  , G»0# 
(GRAVITY  STRESSES ,  SOO  FOOT  DEEP) 


MID -HEIGHT 


FIG.  4-10  CONTOURS  OF  Of/Cft  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK,  K>0 , 0*0° 
(GRAVITY  STRESSES ,  1000  FOOT  DEEP) 


R6.  4-13  CONTOURS  OF  c^/o^  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  R0CK,K«0  ,e»0* 


MID  -  HEIGHT 
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FIG.  4-14  DISPLACEMENTS  OF  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK  ,K«0,e«0° 

(GRAVITY  AND  CONSTANT  INITIAL  STRESSES) 


The  magnitudes  and  orientations  of  the  in-situ  stresses  found  in  rock 
masses  vary  over  a  wide  range.  In  columnar  basalts,  the  lateral  stresses  may 
approach  zero  while  in  major  tectonic  belts  the  lateral  stresses  may  be  two  or 
more  times  the  vertical  stresses.  To  investigate  the  effect  of  these  variable 
initial  stress  conditions,  several  analyses  were  conducted  in  which  the  ratio 
of  horizontal  to  vertical  initial  stress  varied  from  zero  to  two;  the  vertical 
stresses  were  held  constant  at  3.45  MN/m2  (*500  psi)  and  a  Poisson.s  ratio  of 
0.25  was  used. 

Figures  4-15  through  4-18  show  the  results  of  these  solutions.  Since  the 
initial  stresses  are  constant  with  depth,  two  symmetry  planes  develop  and  sub¬ 
sequently  it  is  only  necessary  to  show  a  quarter  circle  representation  of  the 
stresses.  These  figures  show  that,  except  for  the  isotropic  case,  the  dimension 
less  0|  contours  are  similar  in  form,  but  that  the  maximum  stress  concentration 
occurs  in  the  same  plane  as  the  initial  minimum  principal  stress,  o  ..  These 

figures  also  show  that  slightly  greater  stress  concentrations  occur  with  lower 
K  values. 

The  variations  in  the  dimensionless  contours  are  much  more  pronounced. 
The  resulting  values  range  from  large  tension  values  to  relatively  high  com¬ 
pression  values,  with  the  largest  compression  values  occurring  for  the  highest 
K  values.  It  can  be  seen  that  tension  only  occurs  when  the  K  value  is  less  than 
1/3,  a  value  less  than  that  which  is  normally  found  in-situ. 

The  dimensionless  displacements  for  these  four  cases  are  shown  on  Figure 
4-19  which  shows  that  face  movements  are  greatly  affected  by  the  initial  stress 
values.  The  inward  movements  of  the  crown  and  invert  increase  proportionately 
as  the  ratio  of  horizontal  to  vertical  stresses  decreases.  Wall  movements  vary 
in  an  inverse  manner,  with  the  greatest  inward  movement  occurring  when  the  hori¬ 
zontal  stresses  are  greatest.  Essentially  no  wall  movement  occurs  when  °H/o  = 
1/3  and  outward  movement  occurs  when  °H/a^  is  less  than  1/3. 

When  the  initial  stresses  are  oriented  at  angles  other  than  horizontal  or 
vertical,  the  solutions  just  presented  can  be  used  by  rotating  the  axes  to 
correspond  to  the  orientation  of  the  oblique  initial  stresses.  However,  this 
procedure  is  only  applicable  when  homogeneous,  linear,  elastic.,  isotropic 
materials  are  considered  and  when  the  initial  stresses  are  constant  with  depth. 
For  other  conditions  an  appropriate  analysis  must  be  conducted.  It  should  be 
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STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  R0CK,K*>0  ,G»0° 


FIG.  4-16  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK  ,  K»  1/3  ,6»0 


FIG.  4-17  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK,  K-l  ,0«O° 


or, /(T,: 


FIG.  4-18  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK, K"  1/2, G-9C 


ORIGINAL  OPENING  SHAPE 


INITIAL  STRESSES 
-  3.45  MN/m2 


FI6.  4-19  DISPLACEMENTS  OF  CIRCULAR  OPENING 
IN  HOMOGENEOUS  LINEAR  ROCK 
(VARIABLE  INITIAL  STRESSES) 


noted  that,  in  terms  of  finite  element  analyses,  when  the  initial  stresses 
are  oblique,  a  full  circular  mesh  such  as  that  shown  in  Figure  4-2  must  be 
employed.  If  a  half  circle  mash  such  as  that  shown  in  Figure  2-14  is  used, 
the  results  will  be  in  error  because  the  modeled  system  is  unsymmetr ical  with 
regard  to  the  initial  stresses  and  subsequently  the  boundary  conditions  will 
adversely  affect  the  results. 

A  typical  example  showing  the  results  when  the  initial  stresses  are 
oriented  at  45°  is  shown  in  Figures  4-20  and  4-21.  This  solution  is  com¬ 
parable  to  that  shown  in  Figure  4-16  with  the  only  difference  being  the  initial 
stress  orientation.  The  contours  obtained  from  the  full  mesh  are  slightly 
different  because  the  full  mesh  has  272  elements  while  the  quarter  mesh  has 
130  elements,  or  an  equivalent  520  element  full  mesh;  subsequently  the  full 
mesh  accuracy  is  slightly  less  than  that  for  the  quarter  mesh. 

To  determine  whether  the  500  foot  depth  criteria  for  gravity  and  constant 
initial  stress  compatibility  would  still  be  applicable  for  oblique  initial 
stress  orientations,  an  analysis  was  conducted  under  gravity  loading  for  the 
same  case  shown  in  Figures  4-20  and  4-21.  Figures  4-22  and  4-23  show  the  results 
of  this  analysis.  Comparison  of  the  two  cases  shows  that  the  stresses  are 
essentially  the  same  around  the  opening,  but  that  there  are  small  differences  at 
more  than  about  two  to  three  radii  from  the  opening  center.  However,  these 
differences  are  generally  less  than  10%  so  it  may  be  said  that,  from  a  practical 
standpoint,  the  500  foot  depth  compatibility  criteria  is  also  applicable  for 
oblique  initial  stress  orientations. 

Opening  Shape 

To  determine  the  effect  of  opening  shape  on  the  resulting  stresses  and 
displacements,  a  series  of  analyses  were  conducted  on  typical  horseshoe  and  power 
station  opening  shapes.  The  horseshoe  opening  is  5.5  meters  high  with  a  base  of 
5.5  meters  and  the  power  station  opening  is  30  meters  high,  20  meters  base  width 
and  25  meters  wide  at  the  base  of  the  crown  arch.  The  finite  element  meshes  for 
these  two  openings  are  shown  in  Figures  2-15  and  2-16.  The  values  used  in  these 
analyses  were:  Poisson's  ratio  =  0.25,  initial  vertical  stress  =  3.45  MN/rn^,  and 
initial  horizontal  stresses  1/3,  1  and  2  times  the  initial  vertical  stress. 

a)  Horseshoe  Opening 

Figures  4-24  through  4-26  show  the  dimensionless  values  for  the  horseshoe 
opening  with  the  three  initial  stress  conditions.  These  figures  show  that  the 
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resulting  stresses  are  very  similar  to  those  for  the  circular  opening,  except 
within  about  one  equivalent  "radius"  of  the  opening  face.  Within  this  zone, 
a  stress  concentration  is  developed  at  the  lower  horseshoe  corner,  with  the 
largest  value  occurring  under  isotropic  initial  stresses  and  the  lowest  value 
occurring  when  the  horizontal  stresses  are  twice  as  great  as  the  vertical. 

The  crown  stresses  follow  the  same  pattern  as  those  for  the  circular  opening, 
i  .e.  ,  the  stresses  increase  as  the  initial  lateral  stresses  increase. 

Figures  k-2J  through  k-2S  show  the  dimensionless  values  for  the  same 
three  cases.  The  resulting  stresses  are  again  very  similar  to  those  for  the 
circular  opening,  except  within  about  one  equivalent  "radius"  of  the  opening 
face.  A  stress  concentration  is  developed  at  the  lower  horseshoe  corner,  with 
the  values  increasing  as  the  initial  horizontal  stresses  decrease.  It  is  inter¬ 
esting  to  note  that,  regardless  of  initial  stress  values,  a  small  tension  zone 
develops  at  the  invert,  indicating  that  this  shape  causes  substantial  load 
transfer  to  occur. 

The  horseshoe  displacements,  shown  in  Figure  ^"30,  also  display  patterns 
similar  to  the  circulir  opening.  The  inward  movements  of  the  crown  and  invert 
increase  as  the  initial  horizontal  stresses  decrease,  while  the  inward  wall 
movements  increase  as  the  initial  horizontal  stresses  increase. 

b)  Power  Station  Opening 

Figures  ^ ~ 3 1  through  ^-33  show  the  dimensionless  o^  values  for  the  power 
station  opening  with  the  three  initial  stress  conditions.  Comparing  these 
figures  with  the  comparable  figures  for  the  circular  and  horseshoe  openings, 
it  can  be  seen  that  the  same  general  pattern  of  stress  contours  develops,  except 
for  immediately  around  the  opening.  Within  this  area  the  stresses  are  markedly 
affected  because  of  the  three  geometric  corners  defining  the  opening,  i.e., 
those  at  the  base  of  the  crown  arch,  top  of  the  wall  and  bottom  of  the  wall. 

The  highest  stress  concentration  always  occurs  at  the  intersection  of  the 
wall  and  floor,  regardless  of  the  initial  stresses.  As  with  the  horseshoe 
opening,  the  highest  value  occurs  under  isotropic  initial  stresses  while  the 
lowest  value  occurs  when  the  initial  horizontal  stresses  are  twice  the  vertical 
stresses.  Furthermore,  the  stress  concentrations  are  greater  than  those  at  the 
base  of  the  horseshoe  opening,  for  the  same  stress  condition. 

At  the  base  of  the  crown  arch,  another  stress  concentration  develops  which 

is  of  minor  importance  when  the  initial  horizontal  stresses  are  large  but  becomes 
very  important  as  the  initial  horizontal  stresses  decrease  until  when  K=  1/3,  it 
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becomes  as  large  as  the  stress  concentration  at  the  base  of  the  wall.  The 
mid-crown  stresses  are  also  affected  by  shape  with  the  values  from  the  power 
station  all  less  than  those  developing  with  the  horseshoe  opening.  Further¬ 
more,  the  mid-crown  stresses  vary  with  the  initial  stresses,  with  larger  values 
developing  as  the  horizontal  stresses  increase. 

Perhaps  the  most  significant  effect  of  the  power  station  opening  shape  is 
thav  of  stress  relief  in  the  wall.  In  all  three  cases  the  stresses  are  reduced 
to  small  values,  especially  at  the  top  of  the  wall,  and  the  smallest  values 
occur  when  the  initial  horizontal  stresses  are  highest.  In  addition  the  wall 
stresses  are  all  less  than  those  develop  ng  in  the  wall  of  the  horseshoe  opening. 

Figures  4-3**  through  **-36  show  the  dimensionless  0^  values  for  the  power 
station  opening  with  the  three  initial  stress  conditions.  Patterns  similar  to 
those  of  the  horseshoe  opening  also  develop.  Stress  concentrations  develop  at 
the  intersection  of  the  wall  and  floor,  with  the  largest  occurring  under  iso¬ 
tropic  initial  stresses  and  the  smallest  occurring  with  K  =  1/3.  Comparing 
these  values  to  those  from  the  horseshoe  opening,  it  can  be  seen  that  the 
values  are  slightly  less  for  the  power  station  when  K  =  1/3,  but  are  greater 
for  the  other  two  cases.  Stress  concentrations  also  occur  at  the  base  of  the 
crown  arch  and  become  larger  as  the  initial  horizontal  stresses  decrease. 

However,  the  most  important  aspect  of  the  power  station  shape  is  the  large 
amount  of  tension  which  develops.  In  all  three  cases,  a  large  portion  of  the 
wall  is  in  tension.  Furthermore,  with  low  initial  horizontal  stresses,  both 
the  mid-crown  and  mid-floor  are  in  tension;  with  isotropic  initial  stresses, 
a  portion  of  the  floor  is  in  tension;  and  with  high  initial  horizontal  stresses, 
neither  the  floor  nor  crown  is  in  tension.  This  large  variation  in  tensile  zone 
development  clearly  demonstrates  the  importance  of  initial  stresses  in  evaluating 
the  stability  of  power  station  openings. 

The  power  station  displacements,  shown  in  Figure  4-37,  also  display  patterns 
similar  to  those  of  t!,e  circular  and  horseshoe  openings.  The  inward  movements 
of  the  crown  and  invert  increase  as  the  initial  horizontal  stresses  decrease, 
while  the  inward  wall  movements  increase  as  the  initial  horizontal  stresses 
increase.  While  most  of  the  dimensionless  displacements  for  the  three  opening 
shapes  are  of  the  same  order  of  magnitude,  it  should  be  noted  that  when  K  =  1/3, 
the  dimensionless  inward  movements  of  the  power  station  opening  are  substantially 
greater  than  those  of  the  horseshoe  opening  which  in  turn  are  substantially 
greater  than  those  of  the  circular  opening. 
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Nonlinear  Material  Properties 

The  studies  presented  in  Chapter  3  have  shown  that  many  rock  types  are  non¬ 
linear  and  stress-dependent  with  respect  to  both  the  modulus  and  Poisson's  ratio 
and  that  most  rock  types  can  be  reasonably  well  represented  by  empirical  equations 
in  which  the  nonlinearity  is  represented  by  a  hyperbolic  equation  and  the  stress- 
dependency  is  represented  by  a  straight  line  variation  with  the  confining  pressure 
on  a  log-log  plot  for  the  modulus  and  on  a  semi-log  plot  for  the  Poisson's  ratio. 

In  addition  to  the  strength  parameters,  c  and  $,  the  modulus  variations  are  defined 
with  three  additional  parameters.  The  modulus  parameters  are:  modulus  number,  K, 
defining  the  initial  tangent  modulus;  exponent,  n,  defining  the  modulus  variation 
with  confining  pressure;  and  failure  ratio,  R^. ,  defining  the  nonlinearity  of  the 
stress-strain  curve  (See  Equation  3 “ 8 .) •  The  Poisson's  ratio  parameters  are:  G, 
defining  the  initial  tangent  Poisson's  ratio;  F,  defining  the  Poisson's  ratio 
variation  with  confining  pressure;  and  d,  defining  the  nonlinearity  of  the  axial 
strain-radial  strain  curve  (See  Equation  3-17.). 

To  investigate  the  effects  of  these  variations  in  material  properties  on 

the  resulting  stresses  and  displacements  and,  because  of  these  variations,  to 

investigate  the  effects  of  number  of  excavation  steps  as  well  as  excavation 

sequence,  a  number  of  analyses  were  conducted.  To  limit  the  number  of  variables, 

the  following  analysis  parameters  were  maintained  constant:  circular  opening, 

initial  vertical  stress  (a..)  =  3.45  MN/m^,  initial  horizontal  stress  (a  .)  = 

2  2  3 1 

1.15  MN/m  ,  cohesion  (c)  =  15  MN/m  and  angle  of  friction  (<j>)  =  35°.  It  should 

be  noted  that  in  all  of  the  following  analyses,  the  developed  shear  stresses  were 

small  and  the  rock  mass  was  not  stressed  even  close  to  failure. 

a)  Modulus  Parameter  Variations 

Several  analyses  were  conducted  to  investigate  the  effect  of  modulus  para¬ 
meter  variations.  In  these  analyses,  a  three  step  horizontal  excavation  sequence 
was  employed  (See  Figure  4-3.),  a  constant  Poisson's  ratio  =  0.25  was  used  and 
the  modulus  number,  K,  was  taken  as  100,000  since  it  was  found  that  K  doesn't 
effect  the  stresses  and  can  be  included  as  a  factor  when  defining  the  dimension¬ 
less  displacements.  The  values  of  n  were  varied  from  0.0  to  0.4  and  the  values 
of  were  varied  from  0.25  to  0.75.  The  values  were  selected  to  cover  the  range 
of  these  parameters  found  for  most  of  the  rock  types  discussed  in  Chapter  3. 

Figure  4-38  shows  the  dimensionless  values  obtained  for  n  =  0.0  and  R^  = 

0.25.  This  figure  is  representative  of  all  values  of  n  and  Rf  investigated  since 
virtually  no  differences  were  found  for  the  analyses  conducted.  Comparing  this 
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figure  with  Figure  4-16,  it  can  be  seen  that  for  all  practical  purposes  the 

°1  va,ues  are  the  same  regardless  of  whether  the  modulus  is  linear  or  is  non¬ 
linear  and  stress-dependent. 

Figure  4-39  shows  the  dimensionless  values  obtained  for  n  =  0.0  and 
Rf  =  0.25,  which  is  also  representative  of  all  n  and  Rf  values  investigated. 
Comparing  this  figure  with  Figure  4-40,  the  linear  analysis,  it  can  be  seen 
that  small  variations  occur  in  the  stress  contours,  but  these  variations 
occur  at  excavation  levels  and  are  very  small  so  it  is  felt  that  these  vari¬ 
ations  are  insignificant  and  are  a  function  of  variations  caused  by  the  rela¬ 
tively  coarse  mesh  employed  in  these  analyses. 

The  displacements  for  the  cases  investigated  are  shown  in  Figure  4-41. 

This  figure  shows  that  variations  in  displacements  caused  by  nonlinearity, 
represented  by  Rf,  are  very  small  but  that  variations  in  displacements  caused 
by  stress-dependency,  represented  by  n,  are  significant  and  should  be  included 
in  analyses  of  underground  openings  because  larger  n  values,  or  greater  stress- 
dependencies,  cause  less  displacements  to  occur. 

b)  Poisson's  Ratio  Parameter  Variations 

Several  analyses  were  conducted  to  investigate  the  effect  of  Poisson's  ratio 
parameter  variations.  In  these  analyses,  a  three  step  horizontal  excavation 
sequence  was  also  employed  and  the  modulus  parameters  were  held  constant  at 
K  =  100,00,  n  =  0.2  and  Rf  =  0.5.  The  value  of  d  was  held  constant  at  100.0 
since  the  results  shown  in  Chapter  3  indicated  that  d  variations  were  small  and 
also  because  analysis  of  the  data  presented  in  Chapter  3  showed  that  nonlinearity 
of  Poisson's  ratio  is  less  than  that  of  the  modulus,  the  effect  of  which  has 
already  been  shown  to  be  very  small.  The  values  of  G  were  varied  from  0.1  to  0.3 
and  the  values  of  F  were  varied  from  -0.05  to  +0.05.  These  values  were  selected 

to  cover  the  range  of  these  parameters  found  for  most  of  the  rock  types  discussed 
in  Chapter  3. 

The  dimensionless  values  obtained  from  these  analyses  were  essentially 
the  same  as  each  other  as  well  as  those  obtained  for  the  modulus  variations 
shown  in  Figure  4-38.  The  dimensionless  contours  varied  to  a  small  degree  and 
the  bounding  variations  are  shown  in  Figures  4-42  and  4-43,  which  show  that  the 
variations  are  small  and  do  not  differ  by  more  than  10%  or  so. 

The  bounding  displacements  for  these  cases  of  Poisson's  ratio  parameter  vari¬ 
ations  are  shown  in  Figure  4-44.  This  figure  shows  that,  regardless  of  variations 
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in  the  Poisson's  ratio  parameters,  the  dimensionless  displacements  will  be 
vi rtual ly  the  same. 

Excavation  Step  and  Sequence  Variation 

A  number  of  analyses  were  conducted  to  investigate  the  effects  of  number 
of  excavation  steps  and  excavation  sequence  on  the  resulting  stresses  and  dis¬ 
placements  of  an  underground  opening.  One  step,  three  step  horizontal  and 
three  step  vertical  excavation  sequences  were  employed  (See  Figure  b-'i.).  The 
results  of  these  studies  showed  that,  regardless  of  excavation  sequence,  number 
of  excavation  steps  or  material  property  variations,  the  results  were  essentially 
the  same  as  those  presented  previously.  Furthermore,  it  should  be  noted  that, 
in  all  of  the  cases  analyzed,  no  shear  failure  occurred  anywhere  within  the 
modeled  rock  mass,  leading  to  the  conclusion  that  excavation  operations  have 
little,  if  any,  significant  effect  on  the  resulting  stresses  and  displacements 
around  underground  openings  in  homogeneous  isotropic  rock. 

Summary 

The  analyses  presented  in  this  chapter  were  conducted  to  investigate  the 
importance  of  material  properties,  initial  stresses,  excavation  operations  and 
opening  shapes  on  the  final  stresses  and  displacements  around  underground 
openings  in  homogeneous  rock  masses-  The  results  of  these  analyses  showed  that 
opening  shape,  initial  stress  magnitude,  initial  stress  orientation  and  gravity 
initial  stresses,  when  shallow,  effect  the  resulting  stresses  and  displacements 
considerably,  while  the  modulus,  in  a  linear  analysis,  or  the  initial  tangent 
stiffness  and  stress-dependency  in  a  nonlinear  analysis,  greatly  effect  the  dis¬ 
placements.  Poisson's  ratio  variations  cause  relatively  small  effects  on  the 
stresses  and  displacements  and  all  other  parameters  cause  minor,  if  any,  variations. 
It  should  be  noted  that  in  all  of  these  analyses,  representative  strength  parameters 
were  used.  The  mobilized  shear  stresses  which  resulted  were  small  and  subsequently 
no  shear  failures  occurred.  Furthermore,  tension  zones  were  allowed  to  develop 
and  no  analysis  modifications  were  made  to  account  for  tension  failure. 
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CHAPTER  5 


ANALYSIS  OF  OPENINGS  IN  ROCK  CONTAINING  A  SINGLE  PLANAR 
TWO-DIMENSIONAL  DISCONTINUITY 


Many  types  of  rock  masses  cannot  be  treated  as  homogeneous  conti nua 
because  of  natural  discontinuities  which  pervade  the  mass.  Foremost  among 
these  are  faults,  seams,  sheared  zones  and  crushed  zones  which  are  all 
nearly  linear  features  of  finite  width  composed  of  material  substantially 
different  in  physical  properties  from  the  parent  rock  mainly  because  of 
alteration  or  weathering.  The  discontinuity  is  in  effect  a  weakness 
plane  which  may  substantially  alter  the  stress  and  displacement  pattern 
around  an  underground  opening  in  rock.  Therefore  the  studies  presented 
in  this  chapter  were  conducted  to  evaluate  the  effect  of  a  single  prominent 
discontinuity  on  the  resulting  stress  and  displacement  around  underground 
openings  in  rock. 

Finite  Element  Idealization 

In  this  Chapter,  all  of  the  analyses  were  conducted  using  a  circular 
opening  with  a  three  meter  radius  and  a  discontinuity  with  a  width  of  2/3 
meter.  This  was  the  minimum  width  which  could  be  used  in  the  mesh  selected 
so  that  the  length  to  width  ratio  of  the  elements  would  not  exceed  five. 
Discontinuity  orientations  analyzed  were  horizontal,  vertical  and  at  A5° 
counterclockwise  from  horizontal.  The  term  a  was  used  to  denote  the  orien¬ 
tation  on  the  figures.  The  finite  element  meshes  used  are  shown  in  Figures 
5~1  and  5 _ 2 ;  Figure  5"1  is  also  representative  of  the  vertical  discontinuity 
mesh  by  rotating  the  axes  90°.  All  analyses  were  conducted  using  a  one  step 
excavation  sequence. 

The  initial  stresses  were  constant  with  depth  and  in  all  cases  the  initial 

2 

vertical  stresses  were  equal  to  3-^5  MN/m  (*500  psi)  while  the  initial  hori¬ 
zontal  stresses  were  varied  at  1/3,  1  and  2  times  the  vertical.  A  Poisson's 
ratio  value  of  0.25  was  used  for  both  the  intact  rock  and  the  discontinuity. 
Different  discontinuity  stiffnesses  were  modeled  by  varying  the  ratio  of  rock 
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FIG.  5-1  FINITE  ELEMENT  MESH  FOR 
CIRCULAR  OPENING  IN  ROCK 
WITH  A  PLANAR  DISCONTINUITY 


FIG.  5-2  FINITE  ELEMENT  MESH  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY  AT  45# 


modulus  to  discontinuity  modulus,  denoted  by  M  on  the  figures.  The  values 
of  M  were  used  10,  100  and  1000  such  that  a  low  M  would  indicate  a  relatively 
stiff  discontinuity,  while  a  high  M  value  would  indicate  a  relatively  soft 
discontinuity.  The  cases  comparable  to  M  =  1  (no  discontinuity)  were  discussed 
in  Chapter  4  and  were  shown  in  Figures  4-16  through  4-18. 

Stresses  Around  Opening 

Analysis  of  the  27  cases  in  which  the  initial  stresses,  discontinuity 
orientations  and  modulus  ratios  were  varied,  and  the  three  comparable  cases 
with  no  discontinuities  (M  =  1)  showed  that  several  points  were  common  in  all 
comparisons.  These  were:  (1)  as  the  discontinuity  becomes  softer,  i.e., 
larger  M  values,  the  stresses  change  markedly  with  the  largest  changes 
occurring  near  and  along  the  discontinuities,  (2)  the  stress  changes  are  sub¬ 
stantia)  when  M  goes  from  1  to  10,  are  fairly  important  when  M  goes  from  10  to 
100  and  are  minor  when  M  goes  from  100  to  1000,  and  (3)  tension  zones  develop 
around  the  intersection  of  the  discontinuity  and  the  opening  face  as  M  increases. 
Individual  comparisons,  discussed  below,  vary  depending  upon  the  case  but  the 
above  effects  were  noted  in  all  cases. 

a)  Initial  Horizontal  Stresses  Equal  to  One-Third  the  Vertical  Stresses 

Figures  5“3  through  5-5  show  the  stress  contours  for  the  horizontal 
discontinuity.  It  can  be  seen  that  a  substantial  reduction  occurs  in  the  spring¬ 
line  stress  concentration  factor,  from  more  than  2.4  when  M  =  1  to  less  than 
1.0  when  M  =  1000,  and  also  occurs  in  the  dimensionless  values  near  and  in 
the  discontinuity.  Changes  in  the  dimensionless  contours  are  small  with  a 
general  tendency  toward  a  reduction  in  values  as  M  increases. 

Figures  5-6  through  5-8  show  the  stress  contours  for  the  vertical  dis¬ 
continuity.  The  resulting  pattern  with  the  dimensionless  contours  is 
different  because  the  springline  stress  concentration  factors  do  not  vary  signi¬ 
ficantly,  but  the  Oj  values  increase  substantially  within  the  discontinuity  while 
a  decrease  occurs  adjacent  to  the  discontinuity  near  the  opening  face.  The 
°neral  pattern  with  the  contours  is  of  the  same  form  as  for  the  horizontal 
discontinuity,  i.e.,  a  small  reduction  as  M  increases. 

Figures  5"9  through  5-12  show  the  stress  contours  for  the  45°  discontinuity. 
The  M  =  100  contours  are  not  shown  because  the  M  =  10  and  M  =  1000  contours  are 
not  materially  different.  The  same  pattern  develops  for  the  other  initial  stress 
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FIG.  5-3  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K ■  1/3  ,  G-O*  ,  «  0°  ,  M  »  10 


Fie.  5-4  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 

IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/3,  e-O*  ,  CKm  0»  .  Mb  IOO 


FIG.  5-5  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/3,  G-0°  ,  «*»0#,  M  ■  IOOO 
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FIG.  5-6  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K  ■  1/3  ,  0  ■  0#  ,  ex  ■  90°  ,  M  ■  10 


FI6.  5-7  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/3,  S-O9  ,  ck  ■  90®  ,  M  ■  100 


FIG.  5-8  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K ■  1/3 , 0 ■  0°  ,  °<-  ■90°  ,  M  *  1000 
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FIG.  5-9  CONTOURS  OF  0[/o\-  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/3,  ©-0°  ,  a -45*  ,  M-IO 
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FIG.  5-11 


CONTOURS  OF  0[/o\y  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K«l/3,e«0°  ,  Qt »  45*  ,  M  *1000 
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FIG.  5-12 


CONTOURS  OF  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/3,  ©-0°  ,  « » 45 •  ,  M ■  1000 


conditions  as  well,  so  the  M  =  100  contours  have  not  been  included  for  any 
of  the  solutions  with  a  45°  discontinuity.  For  both  the  dimensionless  o] 
and  contours,  the  changes  are  generally  small,  with  a  decrease  in  the 

crown  and  springline  stresses  as  M  increases.  The  stresses  within  the  dis¬ 
continuity  show  a  decrease  in  o]  and  as  M  increases. 

b)  Initial  Horizontal  Stresses  Equal  to  the  Vertical  Stresses 

The  stress  contours  for  the  horizontal  discontinuity  are  shown  in 
Figures  5“  1 3  through  5“ 1 5 -  These  figures  show  that  for  a] ,  the  crown  stresses 
decrease  slightly  while  the  discontinuity  stresses  decrease  greatly  as  M  in¬ 
creases.  For  o3  the  crown  stresses  decrease  slightly  while  the  discontinuity 
stresses  increase  greatly  as  M  increases.  When  the  discontinuity  is  vertical, 

as  shown  in  Figures  5-16  through  5-18,  the  results  are  the  same  as  the  horizontal 
with  the  axes  shifted  by  90°. 

When  the  discontinuity  is  oriented  at  45°,  as  shown  in  Figures  5-19 
through  5-22,  the  dimensionless  values  decrease  in  general  with  large  de¬ 
creases  in  the  discontinuity.  The  maximum  stress  concentration  decreases 
slightly  as  well.  The  o3  values  decrease  in  most  areas  but  increase  substantially 
within  the  discontinuity.  It  is  interesting  to  note  that,  in  these  cases,  the 
maximum  stress  concentration  is  located  perpendicular  to  the  discontinuity  where 
normally  it  would  be  located  at  either  the  crown  or  springline  depending  upon 
the  initial  stress  magnitude. 

c)  Initial  Horizontal  Stresses  Equal  to  Twice  the  Vertical  Stresses 

Figures  5~23  through  5'25  show  the  stress  contours  for  the  horizontal 
discontinuity.  The  resulting  pattern  with  the  dimensionless  o,  contours  shows 
that  the  crown  stress  concentration  does  not  vary  significantly,  but  the  o] 
values  increase  substantially  within  the  discontinuity  while  a  decrease  occurs 
adjacent  to  the  discontinuity  near  the  opening  face.  Changes  in  the  dimensionless 

°3  contours  are  small  with  a  general  tendency  toward  a  reduction  in  values  as  M 
i ncreases  . 

The  stress  contours  for  the  vertical  discontinuity  are  shown  in  Figures  5-26 
through  5-28 .  It  can  be  seen  that  a  substantial  reduction  occurs  in  the  crown 
stress  concentration  factor,  from  more  than  2.3  when  M  =  1  to  less  than  1.0  when 
M  =  1000,  and  in  the  dimensionless  o,  values  near  and  in  the  discontinuity. 
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FIG.  5-13  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K«  I  ,  0«O#  ,  ck  ■  0°  ,  M  •  10 
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FIG.  5-14  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 

K-l  .  e»0°.  ©<■  0°  .  M  ■  100 


FIG.  5-15  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K>|  ,  6«0°  .  «x«0#  ,  M ■  IOOO 


FIG.  5-17  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K" I  .  e«0#  .  <x«90°  .  M  ■  IOO 
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CONTOURS  OF  o;/o; ,  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l  ,  6-0°  ,  a-45*  ,  M-IO 
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FIG.  5-20  CONTOURS  OF  crjo-.  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-  I  ,  6»0#  ,  »■  45*  .  M>I0 
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FIG.  5-21 


CONTOURS  OF  o/cry  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-  I  ,  e»0°  ,  «. 45*  ,  M ■  1000 
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PIG.  5-22  CONTOURS  OF  05 /or,  POR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K«  I  ,  0«O°  ,  °* 9  45 •  ,  M»IOOO 
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FIG.  5-23  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 

IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K»l/2 , 0*  90*.  oc  ■  0°  ,  M  •  10 
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FIG. 5-24 


FIG.  5-25  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/2, 0«9O#,  o°  ,  M  ■  1000 
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FIG.  5-28  STRESS  CONTOURS  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K  ■  1/2  ,  0-90°,  ck  ■  90°  ,  M  ■  1000 


Cnanges  in  the  d'mensionless  a ^  contours  are  small  with  a  general  tendency 
toward  a  reduction  in  values  as  M  increases. 

Figures  5"29  through  5-32  show  the  stress  contours  for  the  kS°  discontinuity. 
For  both  the  dimensionless  and  a ^  contours,  the  changes  are  generally  small, 
with  a  decrease  in  the  crown  and  springline  stresses.  The  stresses  within  the 
discontinuity  show  a  decrease  in  and  in  as  M  increases. 

Discontinuity  Stresses 

a)  Normal  Stresses 

A  further  way  of  assessing  the  relative  importance  of  discontinuities  in 
rock  masses  is  to  evaluate  the  normal  and  shear  stresses  in  the  discontinuity 
as  a  result  of  excavation.  The  normal  stresses  on  the  discontinuity  for  the  27 
cases  analyzed  are  shown  in  Figures  5~33  through  5— 35 •  These  values  were  made 
dimensionless  by  dividing  by  the  initial  normal  stress  on  the  discontinuity. 

In  all  of  these  cases  it  can  be  seen  that  the  normal  stresses  are  greater 
for  stiffer  discontinuities  but  that  the  normal  stresses  return  to  their  original 
values  within  three  radii  of  the  opening  face.  When  the  initial  minimum  principal 
stress  acts  in  the  plane  of  the  discontinuity,  the  normal  stresses  are  greatest 
and  generally  increase  toward  the  opening  face.  When  the  initial  maximum  principal 
stress  acts  in  the  plane  of  the  discontinuity,  the  normal  stresses  are  least  and 
are  very  small  at  the  opening  face.  Furthermore  as  the  initial  principal  stress 
ratio  increases,  the  normal  stresses  at  the  face  either  increase  or  decrease 
further  depending  on  the  orientation  of  the  discontinuity.  When  the  initial  stresses 
are  isotropic,  intermediate  values  are  obtained. 

When  the  discontinuity  is  at  ^5°  to  the  initial  principal  stresses,  the 
resulting  normal  stresses  do  not  vary  significantly  even  though  the  values  are 
slightly  higher  with  lower  M  values.  Furthermore  in  all  cases  the  normal  stresses 
are  smallest  at  the  opening  face. 

b)  Shear  Stresses 

Figures  5~36  through  5 “38  show  the  shear  stresses  along  the  discontinuity  for 
the  cases  analyzed.  These  values  were  also  m«ide  dimensionless  by  dividing  by  the 
initial  normal  stress  on  the  discontinuity  even  though  it  would  be  better  to  use 
the  initial  shear  stress  but,  because  of  obvious  difficulties  such  as  the  initial 
shear  stresses  equal  to  zero  in  many  cases,  this  could  not  be  used.  The  results 
should  be  interpreted  with  this  in  mind. 
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FIG.  5-29  CONTOURS  OF  O[fo\,  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/2,  ©■90°,  a«45#,M-IO 
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FIG.  5-  30  CONTOURS  OF  o\l<TVl  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/2,e-90°,  a-45*  ,M-IO 
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FIG.  5-31  CONTOURS  OF  <rj%  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/2,  6-90°,  «-45*  ,  M-IOOO 


INITIAL  STRESSES 

Gr3is  3.45  MN/m2 
(*500  psi) 

f  — O",;  =6.90  MN/m2 


\ 

_ _ .  \ 


Yjf 


//A 


7/ 


.  A 


\  \  V 

\  \  \o  ii 
.  \\ 


I 


(y  f 

u 

/'o  2  \ 


v  =  0.25 


FIG.  5-32  CONTOURS  OF  Oj/^,  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K«l/2,  e«90°,  0t»45*  ,  M>IOOO 
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FIG.5-35NORMAL  STRESSES  ON  45°  DISCONTINUITY 
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FIG.  5-37  SHEAR  STRESSES  ALONG  VERTICAL 
DISCONTINUITY 
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FIG.  5-38  SHEAR  STRESSES  ALONG  45°  DISCONTINUITY 


In  all  of  these  cases  it  can  be  seen  that  the  shear  stresses  are  sliqhtly 
qreater  for  stiffer  di  scon  tinuities,  but  for  all  practical  purposes,  the  shear 
stresses  are  about  the  same  regardless  of  stiffness.  It  can  also  be  seen  that 
the  shear  stresses  are  only  effective  within  a  very  short  distance  of  the  opening 
face,  typically  within  one  radius,  at  which  point  they  return  to  their  original 
va 1 ues  . 

When  the  initial  maximum  principal  stress  acts  in  the  plane  of  the  dis¬ 
continuity,  the  dimensionless  shear  stresses  are  greatest  and  increase  with 
increasing  principal  stress  ratio,  while  when  the  initial  minimum  principal  stress 
acts  in  the  plane  of  the  discontinuity,  the  dimensionless  shear  stresses  are 
least.  Intermediate  values  are  obtained  when  the  initial  stresses  are  isotropic. 

It  is  interesting  to  note  that  when  the  initial  stresses  are  anisotropic  for  the 
45  discontinuity,  the  resultant  shear  stresses  arc  not  very  different  from  the 
initial  shear  stresses. 

Opening  Displacements 

Figures  5 ~ 39  through  5“4l  show  the  opening  displacements  for  the  horizontal 
discontinuity  and  Figures  5-42  through  5-44  show  the  opening  displacements  for  the 
vertical  discontinuity.  In  all  of  these  figures  it  can  be  seen  that  the  dis¬ 
placements  increase  as  the  M  value  increases,  with  the  greatest  increases  occurring 
when  the  plane  of  the  discontinuity  and  the  initial  minimum  principal  stress  coincide. 

When  the  plane  of  the  discontinuity  and  the  plane  of  the  initial  maximum 
principal  stress  coincide,  the  amount  of  compression  is  small  but  the  movement  inward 
toward  the  opening  center  is  large.  At  an  offset  of  90°,  the  movement  is  inward 
and  small  and  becomes  smaller  as  the  initial  principal  stress  ratio  increases.  When 
the  plane  of  the  discontinuity  and  the  plane  of  the  initial  minimum  principal  stress 
coincide,  the  amount  of  compression  is  large  but  the  inward  or  outward  movement  is 
small.  At  an  offset  of  90°,  the  movement  is  inward  and  large  and  is  larger  when 
the  initial  principal  stress  ratio  is  smaller.  When  the  initial  stresses  are  iso¬ 
tropic,  intermediate  results  are  obtained. 

When  the  discontinuity  is  at  45°,  as  shown  in  Figures  5"45  through  5“47, 
it  is  again  found  that  the  displacements  increase  as  the  M  value  increases  and 
that  the  largest  inward  movements  occur  in  tb  plane  of  the  initial  maximum 
principal  stress  while  the  smallest  inward  movements  occur  in  the  plane  of  the 
initial  minimum  principal  stress.  It  can  also  be  seen  that  when  the  initial 
maximum  principal  stress  is  vertical,  the  di scont i nui ty  movement  is  down  and 
inward  but  when  it  is  horizontal,  the  movement  is  up  and  inward. 
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FIG.  5-39  DISPLACEMENTS  OF  CIRCULAR  OPENING 

IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K- 1/3  ,  0-0°  ,  CKmO* 
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FIG.  5-40  DISPLACEMENTS  OF  CIRCULAR  OPENING 

IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
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FIG.  5-41  DISPLACEMENTS  OF  CIRCULAR  OPENING 

IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K*  1/2  ,  0«  90°  ,  **«0# 
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FI6.  5-42  DISPLACEMENTS  OF  CIRCULAR  OPENING 

IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K«  1/3  ,  0  ■  0*  ,  ©«•■  90# 
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M  =  1000  -  + 


DISPLACEMENT  SCALE 


FIG.  5-43  DISPLACEMENTS  OF  CIRCULAR  OPENING 

IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K«  I  ,  G  ■  0°  ,  90° 
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INITIAL  STRESSES 


w~ 


M  =  100  -  DISPLACEMENT  SCALE 

M  =  1000  -  +  — 


FIG.  5-44  DISPLACEMENTS  OF  CIRCULAR  OPENING 

IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K»l/2  ,  6*90°  ,  0c=9O° 
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FIG.  5-45  DISPLACEMENTS  OF  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K«l/3  ,  G»0#,  a«45° 
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FIG.  5-46  DISPLACEMENTS  OF  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K»l  ,  0»O*,  «»45* 
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FIG.  5-4  7  DISPLACEMENTS  OF  CIRCULAR  OPENING 
IN  ROCK  WITH  A  PLANAR  DISCONTINUITY 
K-l/2  ,G-90*  ,  a«  45* 


Summary 

The  analyses  presented  in  this  chapter  were  conducted  to  evaluate  the 
significance  of  discontinuity  stiffness  and  orientation  on  the  resulting  stresses 
and  displacements  around  underground  openings  in  rock  containing  a  single,  prominent, 
p.anar  discontinuity.  The  results  of  these  analysts  showed  that  the  stress  changes, 
.e.,  load  transfer,  become  more  substantial,  tension  zones  increase,  normal  and 
shear  stresses  on  the  discontinuity  decrease  and  displacements  increase  as  the  dis¬ 
continuity  becomes  softer.  These  charges  are  very  significant  when  M  goes  from 
1  to  10,  are  fairly  important  when  M  noes  from  10  to  100  and  are  small  when  M  goes 
from  100  to  1000. 

When  the  planes  of  the  discontinuity  and  the  minimum  principal  stress  coincide, 
a  substantial  reduction  occurs  in  the  dimensionless  o.  values,  the  dimensionless 
normal  stresses  on  the  discontinuity  are  greatest,  the  discontinuity  compression  is 
greatest  and  the  inward  displacements  are  least. 

When  the  planes  of  the  discontinuity  and  the  maximum  principal  stress  coincide, 
a  substantial  increase  occurs  in  the  dimensionless  0^  values  in  the  discontinuity 
with  a  decrease  adjacent  to  the  discontinuity,  the  dimensionless  shear  stresses  on 
the  discontinuity  are  greatest,  the  discontinuity  compression  is  least  and  the 
inward  displacements  are  greatest. 

When  the  discontinuity  is  at  **5°  to  the  initial  principal  stresses  and  as 
the  discontinuity  becomes  softer,  the  dimensionless  Oj  values  in  the  discontinuity 
become  equal  to  one  and  the  dimensionless  values  in  the  discontinuity  become 
equal  to  K,  the  ratio  of  initial  minimum  to  maximum  principal  stresses. 

All  other  changes  are  minor. 


CHAPTER  6 


STRESS-DEFORMATION  BEHAVIOR  OF  PLANAR  DISCONTINUITIES 

Rock  masses  normally  contain  natural  planar  discontinuities  which  may 
be  joints,  sheared  zones,  crushed  zones,  seams,  faults,  cleavage  planes, 
bedding  planes  or  openings  along  schistosity  or  foliation.  The  stress- 
deformation  behavior  of  these  discontinuities  depends  upon  a  number  of  factors 
including  the  density,  porosUy,  structure,  degree  of  weathering,  type  and 
quality  of  cementing  agent,  stress  history,  duration  of  loading,  normal 
stiess  and  shear  stress.  In  many  cases  it  may  be  possible  to  account  for 
these  lactors  by  selecting  specimens  and  test  conditions  which  simulate  the 
anticipated  field  conditions,  but  even  when  this  is  done,  it  is  commonly  found 
that  the  stress-deformation  behavior  of  the  discontinuity  is  nonlinear  and 
dependent  upon  the  magnitude  of  the  normal  stresses.  Because  of  these  variations, 
the  studies  described  in  this  chapter  were  conducted  to  summarize  the  available 
data  on  the  properties  of  discontinuities  and  to  evaluate  the  manner  in  which 
these  properties  can  be  modeled  in  finite  element  solutions. 

One-Dimensional  Element 

Goodman  et  al  (1968)  developed  a  one-dimensional  finite  element  (i.e.,  no 
width)  for  simulating  the  behavior  of  rock  discontinuities.  A  typical  element  is 
shown  in  Figure  6-1  along  with  its  possible  modes  of  behavior;  extension,  com¬ 
pression,  shear  and  their  combinations.  The  properties  defining  the  discontinuity 
are  the  normal  stiffness,  Kn ,  and  the  shear  stiffness,  Kg ,  which  relate  the  average 
stresses  to  the  average  displacements  of  the  discontinuity,  as  shown  below: 


°J  =  n  n  (6-0 

and  t.  =  K  6 

J  5  5  (6-2) 

in  whin  and  n  are  the  average  normal  and  shear  stresses  on  the  discontinuity 
plane  and  ^  and  are  the  average  normal  and  shear  displacements  of  the  dis- 
cont i nu i ty . 

The  earlier  analyses  with  this  type  of  element  assumed  linear  s t ress -d i sp 1 acement 
behavior  for  Kp  and  Ks>  except  when  either  tension  or  shear  failure  developed,  at 
which  point  these  parameters  would  be  adjusted  to  other  values.  Heuze'et  al  (1971) 


Comprettion 


Sheor 


Combined 


FIG.  6-1  MODES  OF  BEHAVIOR  OF  DISCONTINUITY 
ELEMENT 

(FROM  CLOUGH  AND  DUNCAN  .  i969  ) 


modified  this  approach  by  using  an  iterative  "perturbation"  solution  in 
which  the  stiffness  values  would  vary  with  the  stress  and  displacement  states. 
Secant  stiffness  were  therefore  used  and  several  iterations  would  be  required 
to  achieve  a  solution. 

Clough  and  Duncan  (1969),  in  their  studies  of  interface  behavior  between 
soil  and  concrete,  developed  a  different  approach  for  accommodating  stiffness 
variations  by  developing  a  nonlinear,  stress-dependent  relationship  which  can 
evaluate  the  tangent  shear  stiffness  for  any  level  of  shear  stress  up  to  failure 
and  for  any  normal  stress.  The  normal  stiffness  was  assumed  to  be  constant. 
Their  relationship  was  based  upon  a  hyperbolic  relationship  of  the  form: 

6 

<=  - 5 -  (6-3) 

a  +  b  <5 

s 


in  which  r  =  shear  stress,  =  shear  displacement,  a  =  constant  (reciprocal 
of  initial  tangent  shear  stiffness)  and  b  =  constant  (reciprocal  of  ultimate 
shear  s  trength) . 

Following  a  development  similar  to  that  shown  in  Chapter  3  for  the  modulus 
and  Poisson's  ratio,  they  obtained  the  following  equation: 


K  =  K 
st  s 


0 


Rf . 

2 _ Ll 


c.  +  o  tan  4' • 
J  n  j 


(6-4) 


in  which  =  Langent  shear  stiffness,  K  .  =  initial  tangent  shear  stiffness, 

i  =  mobilized  shear  stress,  Rr .  =  failure  ratio  similar  to  that  described  in 

f  J 

Chapter  3,  on  =  discontinuity  angle  of  friction,  Cj  =  discontinuity  cohesion  and 
4> j  =  discontinuity  angle  of  friction. 

They  further  noted  that  K  .  varies  linearly  with  o  on  a  log-log  basis  and 
this  led  to  the  following  equation: 


s  i 


j  w 


K  .  =  K;  )nj 


(6-5) 
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in  which  =  stiffness  number,  nj  =  stiffness  exponent,  pg  =  atmospheric 

pressure  and  y  =  unit  weiqht  of  water.  The  y  and  p  terms  were  introduced 

to  make  the  K.  term  dimensionless  for  ease  in  comparison  between  different 

types  of  discontinuities.  In  an  analysis,  the  values  of  y  and  p  are  introduced 

w  a 

in  units  consistent  with  those  for  o  and  K  .. 

n  s  i 

By  substituting  Equation  (6-5)  into  Equation  (6-^),  it  is  found  that: 


K  =  K.y  (  —  )nj  (1 - -  )2  (6-6) 

st  jwpJ 

a  c  .  +  o  tan  d> . 

J  n  *j 


which  is  the  final  equation  for  tangent  shear  stiffness  as  a  function  of  mob.lized 
shaar  stress  and  normal  stress.  If  the  stress-deformation  curve  is  linear,  R . ,  can 

fj 

be  set  equal  to  zero  and  if  the  stiffness  is  not  stress-dependent,  n^.  can  be  set 
equal  to  zero.  All  of  the  parameters  can  be  simply  evaluated  in  a  manner  similar  to 
that  discussed  in  Chapter  3-  The  advantages  of  this  relationship  are  that  it  is 
a  simple,  practical  relationship  for  describing  the  nonlinearity  and  stress- 
dependency  of  the  shear  stiffness  for  a  discontinuity,  and  that  it  is  well-suited 
for  excavation  analyses  which  are  made  on  a  stage  basis  because  the  properties  can 
be  simply  and  accurately  evaluated  at  each  stage. 

Properties  of  Discontinuities 

The  stiffness  values  can  be  determined  from  direct  shear  tests  on  rock 
samples  containing  discontinuities  by  applying  normal  and  shear  stresses  to 
the  discontinuity  plane  and  measuring  the  corresponding  displacements.  The 
equipment  to  conduct  these  tests  on  natura’  discontinuities  is  rather  elaborate 
and  is  discussed  in  some  detail  by  Goodman  (’969). 

Figure  6-2  shows  the  typical  stress-deformation  behavior  which  has  been 
observed  for  discontinuities.  Types  1  and  2  display  little,  if  any,  nonlinearity 
while  Types  3  and  k  display  progressively  more  nonlinearity.  All  four  types  dis¬ 
play  stress-dependency  to  varying  degrees. 

A  study  was  made  of  the  literature  to  summarize  the  available  data  on  the 
properties  of  discontinuities.  It  was  found  that  very  little  data  were  available 
and  that  most  of  the  data  which  were  available  had  been  included  in  a  report  by 


-  171  - 


SHEAR  ST  HESS-  '  -  SHEAR  STRESS 


i  TYPE  I  -  HEAL  .0  AND 
\  INCIDENT  JOINTS 


V 


I  2 

DISPLACEMENT  iCM) 


i"  a 


TYPE  2 -clean,  smooth  fractures' 


I  2  3 

displacement  (cm) 


type  i- clean, rough 
FRACTURES 


A'A  - 
i  V  \ 


Jo  OISTiJllnEO  SAMPLES 
Jb  UNOlS'UHriEDSAMPlES  (\ 


TYPE  A  -  FILLFD  JOINTS,  SHEARED 

ZONES  AND  SHALE  PARTINGS 

A  o  DRY 

Ab  WET, THIN  SEAMS 
\  //  Ac  WET, THICK  SEAMS 


l' 

0 


I  2  i 
DISPLACEMENT  (CM) 


r 


_ * 

•  8  3 

DISPLACEMENT  (CM) 


Type  of  Surfaces  Typically 
Type  Exhibiting  behavior  in  This  Class 

1  Healed  joints  and  incipient  joints 

2  Clean,  smooth  fractures 
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FIG.  6-2  TYPICAL  STRESS -DEFORMATION 
BEHAVIOR  OF  DISCONTINUITIES 
( FROM  GOODMAN  ,  1969 ) 


Goodman  (l%8).  The  data  were  analyzed  further  and  it  was  found  that  both  the 
stress-dependency  and  nonlinearity  components  of  Equation  6-6  reasonably  well 
described  the  data.  The  results  of  this  study  are  shown  in  Table  6-1,  which  is 
a  compilation  ol  the  properties  of  discontinuities  for  both  linear  and  nonlinear 
condition  .  It  can  be  seen  that  very  little  data  were  available  lor  normal 
stiffnesses,  but  a  reasonable  amount  ol  data  were  available  for  the  linear  secant 
shear  stiffness,  K  ,  evaluated  at  both  the  yield  and  peak  points  of  the  stress- 
deformation  curves.  From  these  values  it  was  possible  to  determine  the  stress- 
dependent.  parameters,  K.  and  n.,  for  the  yield  and  peak  points  as  well  as  L he 
strength  parameters  at  the  peak  (maximum)  and  in  the  post -peak  residual  state. 
Since  the  original  stress-deformation  curves  were  not  available  for  most  of  the 
data,  the  initial  K.  and  n.  could  only  be  established  for  three  data  sets 
(OL-3,^,15)  and  these  three  showed  very  similar  values.  While  the  yield  and  peak 
values  of  K.  and  11.  cannot  he  directly  used  in  the  nonlinear  analyses,  t hey  at 
least  serve  as  a  reference  base  to  establish  the  appropriate  order  of  magnitude 
which  may  he  expected  for  the  initial  K.  and  cm  values. 


Equivalence  of  One-Dimensional  and  Two-Dimensional  Element  Properties 

The  properties  of  one-dimensional  and  two-dimensional  elements  representing 
discontinuities  may  he  made  equivalent  under  certain  conditions.  For  the  one- 
dimensional  clement,  the  stresses  are  given  by  Equations  6-1  and  6-2.  For  the 
two-dimensional  element  represent inq  a  long  thin  discontinuity,  the  stresses  may 
be  given  by  the  following  expression: 


6  E 
n 

o  = - 

T 

a  G 

and  1  =  — — 

T 

in  which  'i  and  1  are  the  normal  and  shear  stresses,  J  and  i1!  are  the  normal  and 

n  s 

shear  displacements,  E  is  the  elastic  modulus,  G  is  the  shear  modulus,  and  T  is 
the  thickness  of  the  two-dimensional  element  representing  the  d i scon t i nu i ty .  By 
equating  the  stresses  in  Equations  6-7  and  6-8  with  those  in  Equations  6-1  and 
6-2,  it  can  be  seen  that  the  properties  of  the  two  types  of  elements  representing 
the  discontinuities  can  be  interrelated  as  below: 


(6-7) 

(6-8) 


K 

n 


(6-9) 
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PROPERTIES  OF  DISCONTINUITIES  UNDER  DIRECT  SHEAR  CONDITIONS 


and  K  =  — —  =  - - -  (6-10) 

S  T  2  ( !  +  v)T 

in  which  v=  Poison's  ratio.  Furthermore  it  can  ho  seen  that  ,  if  the  stiffnesses 
of  the  one-d inens ional  element  are  directly  related  to  equivalent  elastic  para- 
meters,  the.i  they  must  he  related  to  each  other  as  below: 

K 

K  = - - -  (6-11) 

S  2(hv) 

Since  Poisson's  ratio  can  ranqe  from  0.0  to  0.6,  then  Kf  must  range  from  1/3  to 

1/2  of  t fie  value  of  K  . 

n 

However,  even  though  it  is  always  possible  to  establish  equivalent 

discontinuity  stiffnesses  for  two-dimensional  elements,  it  may  not  be  possible 

to  establish  equivalent  elastic  properties  for  one-dimensional  elements  since 

there  are  no  restrictions  on  the  interrelationship  between  K  and  K  .  A  one- 

dimensional  element  nay  be  rigid  in  compression  and  yet  have  a  small  shear 

resistance  or  vice  versa.  For  example,  flic  ratios  of  K  /K  for  the  four  cases  of 

s  n 

Kn  shown  in  Table  6-1  range  from  O.OA  to  1.20  which  clearly  shows  that,  even 
though  the  two  types  of  elements  may  be  mathematically  equated,  there  is  no  re- 

A 

striction  which  can  make  them  equivalent  in  many  physical  cases*. 
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CHAPTER  7 


ANALYSIS  OF  OPENING  IN  R0CK  CONTAINING  A  S  INC, IF  PI  aim  A  p 
ONE-DIMENSIONAL  D I  SCONT I  NIJ  i  TY 


Rock  masses  frequently  contain  natural  discontinuities  which  are 
Planar  features  of  virtually  no  width.  These  discontinuities  include  relatively 
unweathered  joints  and  fracture  surfaces,  cleavage  and  tedding  planes,  and 
open i ngs  along  schistosity  or  foliation.  The  analysis  of  rock  masses  containing 
ese  features  ,s  different  from  that  discussed  in  Chapter  5,  where  discontinuities 
fm.te  width  were  considered,  because  the  normal  and  shear  stiffnesses  of  the 
one-d i mens iona I  discontinuities  do  not  have  to  be  related  to  each  other,  as  dis¬ 
cussed  Chapter  f„  Since  the  stiffnesses  may  vary  independently,  the  studies 

presented  ,n  th,s  chapter  were  conducted  to  evaluate  the  effect  of  stiffness 
vacations  on  the  resulting  stress  and  displacement  pattern  around  underground 
openings  ,n  rock  containing  a  single  prominent  discontinuity. 

.Finite  Element  Ideal  ization 

with  a'ththiS  ChaPt6r'  *"  °f  the  ana'VSeS  Were  C°“  a  circular  openino 

ree  meter  rad, us  and  a  horizontal  discontinuity  of  zero  width.  The  finite 

dept  n^  h  ShOW"  "  Fi9“re  7"'  ^  initia'  Stre“«  —  constant  with 

(  00  “a  h  a"a'VSeS  tKe  VerliCal  Stre5SeS  “  3.«  «M/m2 

PS.)  and  the  horizontal  stresses  equal  to  l.,5  IM/m2 .  all  cases  a  three 

P  horizontal  excavation  sequence,  as  shown  in  Figure  k-3,  was  followed. 

to  50  000  Mn/2  65  r  the  mtaCt  r0Ck  Were  he,d  C0nstant  and  were  set  equal 
to  50,000  MN/m  for  the  modulus  and  0.25  for  Poisson'c;  nt!  r  . 

the  normal  stiffnesses  K  ,  ,  ssons  ratio.  For  the  d, scont inui ty , 

data  for  K  '  P  ^  Were  25°’  2500  and  25’000  W"3!  the  limited 

to  Kn  shown  Chapter  6  indicate  that  this  range  is  possible.  A  non, inear, 

-  epen  ent  tangent  shear  stiffness,  K,,.  as  described  in  Chapter  6,  was  used 

se  analyses.  The  ranges  in  vaiues  of  the  parameters  to  evaluate  K  were 

ected  to  cover  reasonably  well  the  variations  as  summarized  in  Table  6-,.  The 

alues  used  the  analyses  were:  („  30,000  and  150,000  for  the  stiffness  number, 

j.  c  ,s  a  measure  of  the  initial  stiffness,  (2)  0.0  and  0.6  for  the  stiffness 

(  P°0e0  d'o  fl  f^  'S  3  meaSUre  ^  the  s  1  ress "dependency  of  the  stiffness,  and 
3  °'°  °'8  ^  ^  f‘"“™  V  -ch  is  a  measure  of  the  non ,  inear  i  ty . 
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FIG.  7-1  FINITE  ELEMENT  MESH  FOR  CIRCULAR  OPENING 
IN  ROCK  WITH  A  ONE -DIMENSIONAL  PLANAR 
DISCONTINUITY 
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The  strength  parameters  for  the  discontinuity  were  held  constant  with  zero 

cohesion  and  an  angle  of  friction  equal  to  40°. 

It  should  be  noted  that  the  shear  and  normal  stiffnesses  selected  are  such 

that,  under  most  conditions,  equivalent  elastic  parameters  cannot  be  established. 

As  she.'..—  previously  with  Equation  6-11,  must  equal  25  if  equivalent  elastic 

parameters  exist  when  Poisson's  ratio  is  equal  to  0.25.  Since  K  =  K  v  for 

3  s  j  w 

linear  conditions,  tnen  (in  MM/m  )  must  equal  0. 0 2 A 5  K.  for  parameter  equivalence. 
The  available  data  discussed  in  Chapter  6  show  that  this  condition  frequently  is 
not  met. 

Stresses  Around  Opening 

Figures  7"2  and  7-3  show  the  dimensionless  o.  and  a,  contours  for  K  =  2500 
3  1  3  n 

MN/m  and  these  figures  are  representative  of  all  variations  considered  in  the 

shear  stiffness  since  the  stresses  differed  by  no  more  than  10%  when  K. ,  n  or 

J  J 

was  varied.  Figure  7-2  shows  a  stress  concentration  in  the  wall  of  the  opening 
above  the  discontinuity  with  stress  reductions  at  the  crown  and  invert,  all  of 
which  are  less  than  those  which  occur  for  homogeneous  rock,  shown  in  Figure  4-16. 
Figure  7“3  shows  that  a  fairly  large  tension  zone  occurs  in  the  wall  directly 
above  the  discontinuity  and  that  small  tension  zones  occur  at  the  crown  and  invert. 
Yet  the  dimensionless  values  increase  between  the  crown  and  wall  tension  zones 
and  below  the  discontinuity,  indicating  that  the  upper  wall  is  moving  relative  to 
the  lower  wall  creating  different  stress  condition1;  in  oper  and  lower  wall  sections. 
This  type  of  behavior  could  not  be  modeled  in  analyses  with  two-dimensional  dis¬ 
continuities  because  relative  movements  of  this  type  could  not  occur  with  two- 
dimensional  elements. 

Figures  7~k  and  7"5  show  the  dimensionless  stress  contours  when  the  normal 
stiffness  is  increased  to  25,000  MN/m  while  Figures  7~6  and  7~7  show  the  dimension¬ 
less  stress  contours  when  the  normal  sti:fness  is  decreased  to  250  MN/m^ .  In  all 
of  these  figures,  for  the  sake  of  identification,  M^  represents  the  ratio  of  rock 
modulus  to  unit  normal  stiffness.  Comparing  Figures  7~2  throuqh  7~7,  it  can  be  seen 
that  as  the  normal  stiffness  increases,  the  stress  contours  become  more  symmetrical 
about  the  springline  elevation  and  more  similar  to  the  contours  obtained  for  the 
homogeneous  solution.  As  the  normal  stiffness  decreases,  the  dimensionless  values 
decrease  and  the  dimensionless  values  increase  below  the  discontinuity  and  both 
stresses  increase  in  the  wall  at  a  short  distance  above  the  discontinuity. 

Immediately  above  the  discontinuity,  the  tension  zone  increases  as  the  no  nal 
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stiffness  decreases  and  tension  zones  increase  in  size  in  both  the  crown  and 
invert.  These  trends  are  similar  to  those  which  developed  for  the  two-dimensional 
d i scon t i nu  '  ty . 


Discontinuity  Stresses 

The  stresses  which  develop  within  the  discontinuity  are  shown  in  Figure 

7-8.  In  the  top  figure,  the  variation  in  the  dimensionless  normal  stress  with 

normal  stiffness  is  shown  for  a  constant  shear  stiffness  (K.  =  30,000,  n.  -  Rr.  =0.0). 

J  J  fj 

This  figure  shows  that  as  the  normal  stiffness  increases,  the  normal  stresses 

increase  significantly  within  about  three  radii  of  the  opening  center,  in  a  manner 

s  milar  to  that  observed  previously  for  the  two-dimensional  discontinuity.  In 

addition,  variations  in  shear  stiffnesses  had  virtually  no  effect  on  the  normal 

stresses  because  the  resulting  values  were  almost  identical. 

The  dimensionless  shear  stresses  which  develop  in  the  discontinuity  are 

shown  in  the  center  and  bottom  of  Figure  7"8,  the  center  showing  the  variation 

with  normal  stiffness  for  a  constant  shear  stiffness  (K.  =  30,000,  n.,  =  Rr.  =  0.0) 

J  J  fj 

and  the  bottom  showing  the  variation  with  shear  stiffness  for  a  constant  normal 

stiffness  («n  =  2500  KN/mJ) .  The  center  shows  that  the  shear  stresses  are  slightly 

affected  by  normal  stiffness  with  higher  values  occurring  with  a  lower  normal 

stiffesss  (i.e.,  softer).  However,  the  magnitude  of  these  stresses  is  very  small. 

The  bottom  figure  shows  that  the  shear  stresses  increase  substantially  within  one 

radius  of  the  opening  face,  in  a  manner  similar  to  that  for  the  two-dimensional 

discontinuity,  when  the  initial  stiffness  number,  K. ,  increases  and  when  n.  increases, 

J  J  ’ 

indicating  increased  stress-dependency.  Increases  in  R^.  ,  indicating  increased 

nonlinearity,  showed  virtually  no  differences  in  the  resulting  shear  stresses,  and 

subsequently  these  variations  are  not  shown.  It  should  be  noted  that  in  all  of 

these  cases,  the  mobilized  strengths  within  the  discontinuity  were  low  indicating 

that  no  shear  failure  was  imminent;  specific  values  at  the  opening  face  varied  with 

a  constant  normal  stiffness  from  a  high  of  1 7 • 3%  for  K.  =  150,000  and  nj  =  0.6 

to  a  low  of  1.7%  for  K.  =  30,000  and  n.  =  0.0  and  varied  wi th  a  constant  shear 

J  J  7 

stiffness  from  a  high  of  3-2%  for  K  =  250  MN/rrr  to  a  low  of  0.8%  for  K  =  25,000  MN/m' 

n  n 

Opening  Displacements 

Figure  7~3  shows  the  dimensionless  displacements  of  the  op  ning  as  the  shear 
stiffness  of  the  discontinuity  is  varied  when  the  normal  stiffness  is  held  constant. 
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The  two  cases  shown  represent  the  maximum  and  minimum  movements  claculated.  It 
can  be  seen  that  the  only  significant  effects  are  near  the  discontinuity  while 
the  crown  and  invert  variations  are  very  small.  The  compression  of  the  dis¬ 
continuity  is  almost  the  same  regardless  of  shear  stiffness,  but  the  inward 
movement  of  the  upper  wall  and  the  outward  movement  of  the  lower  wall  increase 
as  the  stiffness  number  and  exponent  decrease  because  both  parameters  decrease 
the  resulting  shear  stiffness.  Variations  because  of  nonlinearity  were  minor. 

Figure  7‘10  shows  the  dimensionless  displacements  of  the  opening  as  the 
normal  stiffness  of  the  continuity  is  varied  when  the  shear  stiffness  is  held 
constant.  This  figure  shows  that  the  displacements  are  greatly  affected  by 
variations  in  normal  stiffness  and  that  comoression  of  the  discontinuity,  inward 
movement  of  the  crown,  invert  and  upper  wall,  and.  outward  movement  of  the  lower 
wall  all  increase  as  l<n  decreases  (i.e.,  the  discontinuity  becomes  "softer"). 

Summa  ry 

The  analyses  presented  in  this  chapter  were  conducted  to  evaluate  the  effect 
of  variations  in  the  normal  and  shear  stiffnesses  of  a  one-dimensional  discontinuity 
on  the  resulting  stresses  and  displacements  around  underground  openings  in  rock 
containing  a  single  prominent  discontinuity.  The  results  of  these  analyses  are 
similar  to  those  obtained  when  a  two-dimensional  discontinuity  was  analyzed  in 
Chapter  5.  These  results  showed  that,  as  the  discontinuity  becomes  softer,  the 
stress  changes  (or  load  transfer)  become  more  substantial,  tension  zones  increase, 
normal  and  shear  stresses  on  the  discontinuity  decrease  and  displacements  of  the 
opening  increase. 

These  conclusions  can  be  further  amplified  by  the  studies  conducted  in  this 
chapter  since  the  stiffness  of  the  one-dimensional  discontinuity  is  based  upon 
independent  normal  and  shear  stiffnesses.  These  studies  showed  that  the  resulting 
stresses  and  displacements  were  affected  more  by  the  normal  stiffness  than  by  the 
shear  stiffness,  indicating  that  the  stiffness  component  acting  in  the  same  direction 
as  the  initial  maximum  principal  stress  is  the  most  important  in  determining  the 
resulting  behavior  of  the  opening.  These  studies  further  showed  that  the  nonlinearity 
of  the  shear  stiffness  is  of  minor  importance  but  that  the  initial  stiffness  and 
stress -dependency  is  s i gn i f i cant  .  i n  determining  the  stresses  and  displacements  of 
the  opening. 
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CHAPTER  8 


ANALYSIS  OF  THE  BEHAVIOR  OF  EDWARD  HYATT  PQWERPLANT 

The  Edward  Hyatt  Powerplant,  shown  in  Figure  8-1  near  the  completion  of 
excavation,  is  a  large  underground  powerplant  situated  30  feet  (91.5  m)  below 
ground  surface,  in  the  left  abutment  beneath  Oroville  Dam.  Designed  and  con¬ 
structed  by  the  State  of  California  Department  of  Water  Resources,  the  power- 
plant  has  been  the  subject  of  numerous  technical  articles  related  to  various 
features  of  its  analysis,  design  and  construction  (e.g. ,  Gianelli,  1969; 

Gianelli  and  Jansen,  1972;  Colze'  1971;  Kruse,  1 969 ,  1971;  Merrill  et  al,  196*4; 

Thayer  et  al,  196*4).  Because  of  the  numerous  technical  accomplishments  made 
by  this  project,  the  Oroville  Dam  and  Edward  Hyatt  Powerplant  were  awarded 
the  Civil  Engineering  Achievement  of  the  Year  Award  for  1 968  by  the  American 
Society  of  Civil  Engineers.  As  further  evidence  of  the  accomplishments 
involved,  the  California  State  Water  Project,  in  which  the  key  units  are  Oroville 
Dam  and  Edward  Hyatt  Powerplant,  was  awarded  the  Civil  Engineering  Achievement 
of  the  Year  Award  for  1972  by  the  American  Society  of  Civil  Engineers. 

Very  detailed  investigations  were  made  at  the  site  of  the  powerplant 
and  extensive  instrumentation  was  installed  to  monitor  the  behavior  of  the 
opening  during  construction.  The  availability  of  these  data  provided  the  opportunity 
to  determine  the  effectiveness  of  the  finite  element  analysis  techniques  described 
previously  for  predicting  the  behavior  of  large,  irregularly  shaped  openings  in 
discontinuous  rock.  The  results  of  these  analyses  are  discussed  in  subsequent 
sections  of  this  chapter. 

General  Description  of  Edward  Hyatt  Powerplant 

Oroville  Dam  and  Edward  Hyatt  Powerplant  are  the  key  units  in  the  California 
State  Water  Project  which  will  convey  water  from  Northern  California  to  Southern 
California.  The  dam  and  powerplant  are  located  on  the  Feather  River  in  Northern 
California,  about  150  miles  northeast  of  San  Francisco  in  the  foothills  of  the 
Sierra  Nevada.  Figure  8-2  shows  a  plan  view  of  the  facilities,  including  the  dam, 
powerplant,  penstocks,  tunnels  and  associated  facilities.  Figure  8-3  shows  the 
location  of  the  powerplant  beneath  the  dam.  Final  siting  was  determined  by  hydraulic 
requirements,  economics  and  the  results  of  a  comprehensive  exploration  program. 
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FIG.  8-1  EDWARD  HYATT  POWERPLANT  NEAR 

COMPLETION  OF  EXCAVATION  (FROM  KR'JSE,  1971) 
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FIG.  8-3  LOCATION  OF  EDWARD  HYATT  POWERPLANT 
BENEATH  OROVILLE  DAM  (FROM  KRUSE,  1971) 


The  powerp 1  ant  chamber  is  550  feet  (168  m)  long,  69  feet  (21  m)  wide 
and  nominally  about  1  40  feet  (42.7  m)  high,  but  the  height  varies  from  section 
to  section.  The  facility  includes  six  turbine  generators  which  can  produce 
approximately  2.5  billion  kilowatt-hours  of  electrical  power  per  year. 

The  initial  powerplant  contract  was  awarded  in  June  1963  to  the  low 
bidder,  a  joint  venture  of  McNamara  Corporation  Limited  and  George  A.  Fuller 
Company.  Actual  excavation  of  the  powerplant  chamber  began  in  March  1964  and 
was  completed  in  June  1966.  Following  the  completion  of  Oroville  Dam  in  1967, 
the  first  generating  unit  began  operation  in  1968. 

S i te  Geo  1 ogy 

The  powerplant  site  is  in  the  western  foothills  of  the  Sierra  Nevada, 
a  large,  tilted,  granite  fault  block.  Overlying  the  granite  at  the  site  are 
a  series  of  tightly  folded,  steeply  dipping  metamorphic  rocks.  The  powerplant 
is  in  this  metamorphic  series  within  an  unnamed  metavolcanic  formation  of 
predominantly  amphibolite,  a  basic  metamorphic  rock,  containing  abundant  thin 
veins  of  calcite,  quartz,  epidote,  asbestos,  palygorskite  "mountain  leather" 
and  pyrite.  The  generally  unweathered  amphibolite  at  the  powerplant  is  hard, 
dense,  greenish  gray  to  black,  fine  to  coarse-grained  and  generally  massive, 
although  a  slight  schistosity  is  commonly  found  with  an  attitude  striking  N  12°  W 
and  dipping  77°E. 

At  the  powerplant  excavation,  the  rock  is  moderately  to  strongly  jointed 
with  three  prominent  joint  sets,  all  generally  tight,  causing  some  blockiness  in 
the  rock.  Steeply  dipping,  planar,  shear  and  schistose  zones  strike  60°  to  80° 
with  the  longitudinal  axis  of  the  powerplant  and  are  spaced  from  five  to  twenty 
feet  apart.  Most  of  these  discontinuities  are  one  to  six  inches  wide  and  contain 
crushed  rock,  schist  and  clay  gouge.  Ground  water  inflow  was  ver>  small  and  was 
conducted  almost  exclusively  along  the  discontinuities. 

Figures  8-4  and  8-5  show  the  prominent  discontinuities  intersecting  the 
powerplant.  Considering  that  the  powerplant  is  550  feet  (168  m)  lonq,  it  can 
be  seen  that  the  site  geology  was  generally  favorable.  Figure  8-6  shows  a  more 
detailed  isometric  view  of  the  left  or  upstream  wall  from  which  it  can  be  seen 
that  in  certain  areas,  the  discontinuities  were  more  closely  spaced.  More  detailed 
geologic  information  is  presented  by  Gross  (1968). 
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FIG.  8-4  MODEL  OF  EDWARD  HYATT  POWERPLANT,  LEFT  WALL 

(FROM  KRUSE,  1971) 


FIG.  8-5  MODEL  OF  EDWARD  HYATT  POWERPLANT,  RIGHT  WALL 

(FROM  KRUSE,  1971) 
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FIG. 8-6 I  SOME TR  1C  VIEW  OF  EDWARD  HYATT  POWERPLANT  GEOLOGY 

(FROM  GROSS,  1968) 


Engineering  Investigations 

Preliminary  investigations  were  conducted  at  the  site  by  seismic 
refraction  survey  and  with  nine  NX  core  borings  to  determine  the  extent  of 
u  iweathered  rock  above  the  powerplant  and  to  locate  rock  discontinuities  in 
the  powerplant  area.  After  analysis  of  the  preliminary  data,  the  final 
investigations  were  conducted  from  a  five  foot  (1.52  m)  wide  by  seven  foot 
(2.1*1  m)  high  unsupported  exploration  adit  with  several  branches  and  crosscuts. 

Geologic  details  were  revealed  in  the  adit  and  in  33  BX  core  borings  drilled 
from  the  adit  and  its  branches  and  crosscuts. 

In  addition  to  geologic  data,  the  adit  was  employed  to  conduct  in- 
situ  testing  of  the  rock  mass.  These  tests  included:  1390  measurements  of 
rock  stress  from  27  flatjacks  installed  in  the  walls,  floor  and  roof  of  the 
adit,  157  borehole  stress  relief  measurements  in  five  over  ored  boreholes, 
plate  bearing  tests  and  rock  bolt  pull-out  tests  since  it  was  planned  to  use 
rock  bolt  roof  and  wall  support.  In  addition,  measurements  of  tunnel  convergence 
were  made  from  thirty  borehole  extensometers  at  six  sites  in  one  of  the  diversion 
tunnels.  Laboratory  sonic  and  static  uniaxial  tests  were  also  conducted  on  intact 
core  specimens  of  the  rock. 

The  results  of  the  flatjack  and  borehole  tests,  although  scattered,  showed 

that  the  in-situ  stress  field  was  essentially  isotropic  with  stresses  approximately 

2 

equal  to  500  psi  ( 3  -  MN/m  ).  The  stresses  were  measured,  approximate  1  y  350  feet 

(107  m)  below  ground  surface  where  overburden  pressure  would  account  for  about  89%  of 

the  vertical  stress  measurements.  Tectonic  effects  were  indicated  to  account  for 

the  difference,  as  well  as  for  the  isotropic  values  of  the  stresses. 

The  field  and  laboratory  tests  also  provided  information  on  the  in-situ  rock 

modulus.  Table  8-1  shows  the  values  obtained  from  the  different  tests  and  it  can 

be  seen  that  the  tests  on  the  intact  cores  yielded  high  modulus  values,  while  the 

field  tests  which  include  the  discontinuities  present  in  the  rock  mass  yielded 

2 

lower  modulus  values.  The  averages  ranged  from  10,300  to  110,000  MN/m  (1.5  to 
16.0  x  10^  psi). 

The  laboratory  uniaxial  tests  also  showed  that  the  average  compressive  strength 
was  about  276  MN/ni  {k0 ,000  psi)  while  the  average  tensile  strength  was  about  23-*t  MN/m 
(3,300  psi). 
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(from  KRUSE,  1969) 


Finite  Element  Ideal  izatio n 

For  any  finite  element  analyses,  other  than  linear  elastic  analyses,  the 
construction  sequence  employed  in  the  field  must  be  reasonably  well  modeled  in 
the  anal.-  =  for  the  results  to  be  meaningful.  The  sequence  followed  in  the 
f.eld  was  first  to  excavate  the  crown  and  then  to  bench  down  and  outwards  at 
lower  elevations.  The  crown  sequence  is  shown  in  Figure  8-7  while  the  sequence 
employed  at  unit  one  is  shown  in  Figure  8-8.  The  finite  element  analyses  were 
conducted  with  a  three  step  excavation  sequence.  The  first  step  was  the  crown 
excavation,  the  second  step  was  to  an  intermediate  depth  and  the  third  step  was 
to  the  final  geometry.  In  all  of  these  analyses,  the  simulation  of  embankment 

placement  was  not  considered  because  the  instrumentation  results  showed  that  it 
caused  very  little  effect. 

In  the  field,  one  inch  (2.5k  cm)  diameter  and  twenty  foot  (6.1  m)  long 
rock  bolts  were  installed  on  a  four  foot  (1.22  m)  square  pattern  in  the  crown 
and  on  a  six  foot  (1.83  m)  square  pattern  in  the  walls.  The  rock  bolts  were  not 
considered  in  the  finite  element  analyses  discussed  in  this  chapter. 

Four  types  of  plane  strain  finite  element  analyses  were  conducted  for  this 
study.  As  long  as  the  system  is  homogeneous  and  isotropic,  the  plane  strain 
assumption  will  be  accurate  if  the  opening  is  long.  But  if  discontinuities  are  being 
modeled ,  and  they  are  not  normal  to  the  section  being  analyzed,  the  plane  strain 
assumption  will  not  be  completely  satisfied  and  the  results  will  be  slightly 
inaccurate  because  the  basic  assumptions  are  not  being  satisfied.  Considering 
the  complexities  of  the  three-dimensional  analyses  and  the  high  costs,  it  is  felt 
that  the  plane  strain  analyses  of  openings  similar  to  this  powerplant  will  provide 
sufficiently  accurate  results  for  at  least  a  preliminary  design  basis. 

The  four  types  of  analyses  conducted  were:  (1)  linear,  homogeneous,  one  step 
excavation,  (2)  linear,  homogeneous,  three  step  excavation,  (3)  nonlinear,  homo¬ 
geneous,  three  step  excavation,  and  <k)  nonlinear,  jointed,  three  step  excavation. 

For  the  first  three  analyses,  the  mesh  shown  in  Figure  8-9  was  used.  This  mesh 
contains  70k  elements  and  7kk  nodal  points  to  provide  sufficient  accuracy  because 
of  the  irregular  geometry  of  the  opening.  The  top  of  the  mesh  corresponds  to  the 

average  ground  surface  elevation  while  the  other  three  boundaries  were  established 
in  accordance  with  criteria  discussed  in  Chapter  2. 
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FIG.8-7  EXCAVATION  SEQUENCE  FOR  CROWN  OPENING,  EDWARD 
HYATT  POWERPLANT  (FROM  KRUSE,  1971) 
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FIG.  8-8  UNIT  ONE  EXCAVATION  SEQUENCE 

EDWARD  HYATT  POWERPLANT  (FROM  DWR,  1967) 


For  the  fourth  analysis,  the  discontinuities  were  taken  into  account  by 
extrapolating  the  discontinuities  to  intersect  the  section  at  unit  one,  the 
section  chosen  for  analysis.  Figure  8-10  shows  the  resulting  unit  one  section. 
Because  of  the  large  number  of  discontinuities  involved,  this  section  was 
generalized  and  t lie  eleven  discontinuities  which  were  modeled  are  shown  in  Figure 
8-11.  The  finite  element  mesh  used  for  this  modeled  section  is  shown  in  Figure 
8-12  and  it  contains  895  elements  and  982  nodal  points.  It  is  interesting  to 
note  that  the  d  i  scont  i  nui  t  i  es  involved  are  quite  similar,  as  shown  in  Table  8-2, 
with  almost  all  of  the  discontinuities  being  several  inches  of  crushed  rock 
with  varying  degrees  of  clay  gouge. 

The  properties  used  in  these  analyses  are  shown  in  Table  8-3.  For  the  linear 
analyses,  a  representative  modulus  value  of  35,000  MN'/m2  (5  x  1 06  psi)  was  selected 
based  on  the  field  test  results  shown  in  Table  8-1  .  The  Poisson's  ratio  value 
of  0.20  was  selected  on  the  basis  of  the  results  of  tests  discussed  in  Chapter  3. 
The  strength  parameters  were  obtained  from  the  average  uniaxial  compressive  and 
tensile  strengths  by  plotting  Mohr  strength  circles  for  both  cases  and  assuming  a 
linear  variation  between  them.  The  resulting  values  were  a  cohesion  of  39.2  MN/m2 
(5,700  psi)  and  an  angle  of  friction  of  58°.  These  values  were  used  for  the  rock 
in  the  subsequent  analyses  as  well. 

For  the  nonlinear,  homogeneous  analyses  and  for  the  rock  in  the  nonlinear, 
jointed  analyses,  the  value  of  K  (modulus  number)  was  inferred  from  the  results  of 
the  static  uniaxial  tests  on  unjointed  cores.  This  was  done  by  considering  that 
the  uniaxial  tests  were  conducted  with  a  confining  pressure  of  one  atmosphere. 

For  this  cond ition,  the  initial  tangent  modu 1 u s ,  E . ,  wou Id  be  equal  to  Kp  .  Sub¬ 
stituting  the  uniaxial  modulus  value  for  E.,  the  resulting  value  of  K  is  equal  to 
880,000.  The  remaining  modulus  and  Poisson's  ratio  parameters  were  established 
based  upon  the  results  discussed  in  Chapter  3. 

For  the  nonlinear,  jointed  analyses,  the  nonlinear  properties  of  the  rock  were 
the  same  as  those  discussed  above.  For  the  joints,  it  was  considered  that  they  are 
very  similar  in  character,  as  shown  in  Table  8-2.  Since  they  are  similar,  the  same 
values  were  used  for  all  eleven  joints  modeled  in  the  analyses  and  these  values 
were  adopted  based  upon  the  results  presented  in  Chapter  6. 
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895  ELEMENTS 
982  NODAL  POINTS 


FIG.  8-12  MESH  FOR  JOINTED  ANALYSIS  0 
EDWARD  HYATT  POWERPLANT 


1 


Joint 

Number 

Thickress 

(in.) 

Generalized  Field  Geologic  Description 

1 

1-3 

Clay  Gouge  and  Crushed  Reck 

2 

1-4 

Clay  Gouge  to  Crushed  Rock 

3 

2-4 

Clay  Gouge  and  Crushed  Rock 

1/2-1 

Clay  Gouge  and  Crushed  Rock 

5 

1-4 

Tight  Crushed  Quartz,  Cal  cite  and  Schistose  Fragments 
with  minor  Clay  Gouge 

6 

1-6 

Crushed  Rock  with  1-2  inch  Clay  Gouge 

7 

2-6 

Crushed  Rock  with  up  to  1  inch  Clay  Gouge  -  Strongly 
Fractured  Rock  with  Schist  and  Fpidote  ranges 
from  10-30  inches  wide  locally  along  seam 

1-2 

Crushed  Rock  and  minor  Clay  Gouge 

9 

1-3 

Clay  Gouge  and  Crushed  Rock 

10 

“  —  ” 

Crushed  Rock,  Quartz  and  up  to  1/2  inch  Clay  Gouge  in 
o  foot  wide  zone  of  Strongly  Fractured  Rock 

11 

6-30 

_ 

Strongly  Fractured  Schistose  Rock  with  up  to  2  inch 
Clay  Gouge 

TABLE  3-2 

DESCRIPTION  OF  MODELED  DISCONTINUITIES 

EDWARD  HYATT  POWER  PLANT 

Sj 


Analysis  Moduluc  or  Stiffness  Parameters  Poisson's  Ratio  Parameters  Strength  Parameters 


TABLE  8-3  SUMMARY  OF  PROPERTIES  USED  IN  ANALYSES  OF  EDWARD  HYATT  POWER  PLANT 


Pi splacements 

The  displacements  in  the  crown  and  walls  were  measured  by  extensometers 
installed  in  arrays  during  excavation.  During  the  initial  crown  arch  excavation, 
twenty  foot  (6.1  m)  mechanical  extensometers  were  installed  to  measure  the  arch 
displacements.  As  excavation  proceeded  downward  after  the  crown  was  excavated, 
these  devices  were  replaced  by  fourty  foot  (12.2  m)  extensometers  with  attached 
electrical  sensors.  The  same  type  of  devices  were  installed  in  the  walls.  The 
centerline  of  each  of  the  six  generating  units  was  instrumented  as  shown  in 

Figure  8-13  with  eleven  extensometers  to  measure  the  displacements  at  five  location 
and  in  several  different  directions. 

It  should  be  noted  that,  because  of  obvious  physical  difficulties,  the 
extensometers  cannot  measure  the  total  displacement  at  a  point  because  the  cur  has 
to  be  made  before  the  device  can  be  installed  and  subsequently  a  certain  amount 
of  deformation  occurs  which  is  not  measured.  Furthermore,  the  extensometers  can 
only  measure  relative  displacement  between  the  two  ends  of  the  device. 

a)  Displacements  at  Extensometer  Locations 

Table  8-4  shows  the  measured  and  computed  vertical  displacements  for  the 
twenty  foot  (6.1  m)  centerline  crown  extensometers  which  developed  from  the 
crown  excavation.  This  corresponds  to  step  1  in  the  finite  element  solution. 

These  results  show  that  the  measured  relative  displacements  ranged  from  0.2  mm  to 
1.0  mm  with  an  average  value  of  0.5  mm.  The  computed  relative  displacements  were 
0.5  mm  for  the  linear  analysis  (the  one  step  and  three  step  solutions  were  virtually 
identical),  0.1  mm  for  the  nonlinear  analysis  and  2.0  mm  for  the  jointed  analysis. 
Comparison  of  the  measured  and  computed  displacements  shows  that  the  linear  analysis 
agrees  well  with  the  average  measured  value  while  the  nonlinear  value  was  one-half 
the  minimum  measured  and  the  jointed  value  was  twice  the  maximum  measured.  However 
all  of  the  values  are  very  small  with  the  maximum  difference  between  the  measured 
and  computed  being  only  1.0  mm.  Based  upon  the  computed  results  it  can  be  seen 

that  the  relative  displacements  only  accounted  for  20%  to  48%  of  the  total  displace¬ 
ments  at  the  face. 


Table  8-5  shows  the  measured  relative  displacements  for  the  eleven  fourty 
foot  (12.2  m)  extensometers  installed  at  the  centerline  of  each  of  the  six  generatino 
units.  Extensometers  4  through  8  were  installed  after  the  equivalent  of  step  I 
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FIG.8-I3TYPICAL  INSTALLATION  OF  BOREHOLE 

EXTENSOMETERS,  EDWARD  HYATT  POWERPLANT 
(FROM  KRUSE,  1971) 
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I'ABLE  3-4  MEASURED  AND  COMPUTED  VERTICAL  DISPLACEMENTS 
FOR  20  FOOT  CENTERLINE  CROWN  EXTENSOMETERS 
EDWARD  HYATT  POWERPLAiJT 
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Excav. 

Step 


Ex  tens  cme  ter 


Unit  and 
Station  (ft) 


1 

2 

3 

4  +  81 

l - - - - 

4  +  03 

3  25 

0.2 

-2.4 

0.4 

1 . 1 

C  .4 

4.4 

0.5 

5.1 

0.6 

1.2 

2.6 

2.8 

2.0 

2.2 

3.0 

0.4 

2.2 

0.5 

-C.2 

0.3 

0.2 

0.1 

-0.1 

0.0 

-0.1 

0.1 

0.1 

0.2 

0.2 

0.1 

0.1 

0.7 

0.1 

-0.2 

0.3 

2.1 

0.0 

-0.2 

t 

O 

PO 

-0.1 

0.2 

0.1 

0.2 

0.1 

0.0 

0.1 

1  .6 

-0.6 

5 

6 

1  +  69 

0  +  91 

0.5 

-1 .2 

1 .5 

3.3 

0.9 

0.2 

0.7 

-0.1 

1  A 

2.4 

0.7 

1.7 

0.1 

0.1 

0.2 

I 

O 

po 

<7.0 

0.1 

0.5 

i 

o 

PO 

0.0 

0.1 

0.1 

0.1 

0.2 

1 

o 

0.1 

0.2 

0.5 

-0.4 

0.1 

. - L 

0.4 

Note:  Displacements  are  in  mm  with  positive  values  indicating  extensometer 
extension  or  relative  movement  toward  the  face. 


TABLE  3-5  MEASURED  RELATIVE  DISPLACEMENTS 
FOR  40  FOOT  EXTENSOMETERS 
EDWARD  HYATT  POWERPLAHT 


\ 


Of  the  solutions  so  they  only  measure  the  relative  displacements  corresponding 
to  steps  2  and  3.  Extensome ters  I  through  3  and  9  through  11  were  installed 

after  the  equivalent  of  step  2  of  the  solutions  so  they  only  measure  the  relative 
displacements  corresponding  to  step  3. 

The  maximum,  minimum  and  average  values  measured  are  shown  in  Table  8-6 
along  with  the  computed  relative  values  and  computed  total  values  at  the  face. 

For  the  wall  extensometers  (I  through  3  and  9  through  II)  the  measured  relative 
values  ranged  from  -2.6  mm  to  6.6  mm.  Most  of  the  computed  relative  values  fall 
within  the  measured  range  but  typically  the  linear  analysis  values  are  1/3  to 
1/2  the  measured  while  the  nonlinear  analysis  values  are  1/6  to  1/3  the  linear 
values.  The  jointed  analysis  values  typically  are  larger  than  the  linear  values. 

One  interesting  point  to  note  is  the  relative  inward  wall  movement.  The  measured 
values  show  that  the  horizontal  extensometer  2  (left  or  penstock  side)  moves  inward 
more  than  the  horizontal  extensometer  10  (right  or  draft  tube  side).  The  jointed 

analysis  shows  this  same  behavior  while  the  linear  and  nonlinear  analyses  show  the 
oppos i te . 

For  the  crown  extensometers  0*  through  8)  the  measured  relative  values  ranged 
from  -0.6  mm  to  2.1  mm  with  only  relatively  small  changes  from  excavation  step  2 
to  step  3.  All  of  the  computed  relative  values  fall  within  the  measured  range  with 
the  nonlinear  analysis  values  most  closely  representing  the  average  measured  values. 
The  linear  analysis  values  are  larger  than  the  nonlinear  values  while  the  jointed 
analysis  values  vary  from  greater  than  to  less  than  the  linear  values. 

Comparison  of  the  computed  relative  and  total  displacements  shows  that  for 
the  linear  and  nonlinear  analyses,  the  relative  values  vary  from  about  1/5  to  1/2 
the  total  values  with  an  average  of  about  1/3  and  for  the  nonlinear  analyses,  the 
relative  values  vary  from  about  1/10  to  Vk  the  total  values  with  an  average ’si ight ly 

°Ver,,1/3'  .T,heSe  Va'UeS  imP'Y  tHat  extensometers  can  only  measure  a  small  amount  of 
the  "elastic"  deformation  of  an  opening  but  would  be  of  greatest  value  in  measuring 
t i me-dependen t  deformation. 

Further  scrutiny  of  the  data  shown  in  Table  8-6  would  imply  that,  based  upon 
the  measured  relative  values  which  show  greater  wall  than  crown  displacements 
(i.e.,  compare  the  horizontal  extensometers  2  and  10  with  vertical  extensometer  6), 
either  there  is  substantial  anisotropy  in  the  initial  stresses  and/or  the  rock  or 
the  vertical  rock  bolting  effectiveness  is  far  superior  to  the  horizontal  rock  bolting 
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TABLE  8-6  MEASURED  AND  COMPUTED  DISPLACEMENTS  FOR  AO  FOOT  EXTENSOMETERc 
EDWARD  HYATT  POWERPLANT 


The  computed  relative  displacements  also  show  this  effect  but,  when  the  computed 
total  displacements  are  considered,  it  can  be  seen  that  for  the  linear  and  non¬ 
linear  analyses  the  results  are  within  about  10*  of  each  other.  The  jointed 
analysis  shows  substantially  greater  differences  which  implies  that  the  main  reason 

for  the  differences  is  the  presence  and  interaction  of  the  discontinuities  in  the 
rock  mass. 

h)  Computed  Displacements  Around  the  Opening 

The  preceding  discussion  is  very  helpful  in  evaluating  the  displacements  at 
specific  locations  but  the  finite  element  solution  can  be  used  further  to  look  at 
the  overall  displacements  along  the  opening  face.  Figures  8-16  and  8-15  show  the 
displacements  of  the  opening  face  for  the  I  step  and  3  stop  linear  analyses  from 
Which  it  can  be  seen  that  the  final  displacements  are  virtually  Indentical.  The 
advantage  of  the  3  step  analysis  lies  in  the  fact  that  the  displacements  at  various 
stages  of  excavation  can  be  obtained.  The  maximum  displacements  occur  at  mid-height 
and  crown  and  the  direction  of  movement  is  always  inward  toward  the  opening  center. 

Figure  8-16  shows  the  displacements  of  tile  opening  face  for  the  nonlinear 
analysis.  The  total  displacements  are  less  than  the  linear  analyses  but,  as  noted 
previously,  the  relative  movements  are  not  too  different  from  those  of  the  linear 
analyses.  The  maximum  displacements  also  occur  at  mid-height  and  crown  while  the 
direction  of  movement  is  always  inward. 

The  displacements  of  the  opening  face  for  the  jointed  analysis  are  shown  in 
Figure  8-17  with  the  discontinuities  superimposed  for  reference.  It  can  be  seen 
that  the  discontinuities  play  an  important  role  in  determining  the  form  of  face 
movement  with  some  rock  blocks  moving  more  than  others.  It  may  be  noted  that  some 

outward  movement  occurred  but  for  the  most  part  the  movement  was  inward  toward  the 
opening  center. 

A  further  way  of  using  the  results  of  the  jointed  analysis  is  to  look  at  the 
relative  movement  of  the  rock  blocks  separated  by  discontinuities.  The  rock  block 
movement  is  shown  in  Figures  8-18  through  8-20  with  the  approximate  average  movement 
Of  the  blocks  shown  by  vector  displacement  arrows.  The  blocks  all  show  relative 
inward  movement  which  increases  as  excavation  proceeds.  Of  special  Interest  to  note 
is  the  relatively  large  inward  movement  of  several  of  the  smaller  triangular  blocks 

m  the  crown  and  walls  which  may  have  "fallen"  into  the  excavation  if  rock  bolting 
had  not  been  employed. 
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STEP  I 
STEP  2 
STEP  3 


DISPLACEMENT  SCALE 

1 

j_ 

.  8-16  DISPLACEMENTS 

OF  OPENING  FACE 

EDWARD  HYATT 

POWERPLANT 

NONLINEAR  ANALYSIS 

FIG.8-20  MOVEMENT  OF  ROCK  BLOCKS  AROUND 
EDWARD  HYATT  POWERPLANT  -  STEP  3 


Stresses 

The  finite  element  solutions  further  provide  en  overall  picture  of  the 
stresses  developing  around  the  opening  during  construction  which  can  be  used 
to  isolate  zones  of  stress  concentration  and  relief  and  to  evaluate  potential 
failure  zones  which  should  be  supported.  Figures  8-21  and  8-22  show  the  o 
contours  during  excavation  for  the  nonlinear  analysis,  the  results  of  which  are 
virtually  identical  to  the  linear  analysis.  It  can  be  seen  that  as  excavation 
proceeds,  the  crown  and  base  stresses  increase,  stresses  increase  to  a  pro¬ 
gressively  greater  distance  from  the  opening  and  stress  concentrations  develop 
t  re  entrant  corners  while  stress  relaxations  occur  at  the  benches.  The 
greatest  stress  concentrations  are  larger  than  II  IIN/m2  (  1620  psi).  Figures  8-23 
and  8-24  show  the  contours  during  excavation  for  the  nonlinear  analyses.  It 
can  be  seen  that  as  excavation  proceeds,  these  stresses  are  relieved  to  pro¬ 
gressively  greater  distances  from  the  opening  and  tensile  zones  develop  in  the 
walls,  indicating  potential  tensile  failure.  However  since  the  tensile  strength 
of  the  rock  is  high  and  since  discontinuity  movement  would  occur,  the  effect  of 

these  tensile  zones  would  be  minimized.  The  rock  bolt  installation  would  further 
minimize  these  effects. 

Figures  8-25  through  8-27  show  the  development  of  the  o  stress  contours 
during  excavation  in  the  jointed  analysis.  These  figures  show  that  the  discontinuities 
Play  a  s i gn i f icant  role  in  modifying  the  stress  distribution  around  an  opening 
because  the  stresses  largely  follow  the  discontinuities.  This  leads  to  an  asymmetrical 
stress  distribution  around  the  opening  which  is  a  function  of  discontinuity  orientation, 
requency  and  stiffness.  However  it  can  be  noted  that  the  largest  stress  concentrations 
still  develop  at  the  re-entrant  corners  and  they  are  nearly  the  same  value  as  those 
developed  in  the  linear  and  nonlinear  analyses. 

Figures  8-28  through  8-30  show  the  03  contours  during  excavation  for  the  jointed 
analyses.  These  figures  also  show  that  the  stresses  are  relieved  to  progressively 
greater  distances  as  the  excavation  proceeds,  but  that  tensile  zones  develop  and 
these  tensile  zones  follow  along  the  discontinuities  where  the  largest  relative  block 
movement  occurs.  Therefore  it  can  be  seen  that  even  though  relative  movement  occurs 
along  the  discontinuities,  the  rock  is  still  in  tension  under  the  imposed  stress  state. 

The  results  of  these  analyses  can  be  further  used  to  evaluate  the  relative 
stability  of  the  rock  mass  surrounding  the  opening.  This  can  be  accomplished  by 
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comparing  the  developed  stresses  to  the  available  strength.  For  the  linear, 
nonlinear  and  jointed  analyses  it  was  found  that  the  mobilized  strength  in  the 
rock  (i.e.,  developed  stresses/available  strength)  was  less  than  5%  in  all  cases 
and  that  tensile  failure  did  not  occur.  Out  in  the  jointed  analysis,  as  shown  in 
Figure  8-3I,  several  portions  of  the  discontinuities  had  reached  failure  and  stress 
states  approaching  failure.  However,  none  of  the  rock  blocks  developed  full  fail- 
ure  conditions  along  the  discontinuities  bounding  it,  indicating  that  no  major 
fallout  would  occur,  oven  tnough  several  !  locks  appear  to  be  only  marginally  stable 
based  on  this  analysis. 

Summary 

Based  upon  the  four  types  of  finite  element  analyses  presented  in  this 
chapter  (1  step  linear,  3  step  linear,  3  step  nonlinear  and  3  step  jointed),  it 
can  be  said  that  all  <  f  the  analyses  can  provide  reasonable  representations  of  the 
observed  behavior  _i_f  the  material  properties  con  be  adequately  defined.  The  1 
step  linear  ana.ys's  is  limited  because  it  cannot  follow  t he  excavation  sequence. 
Both  of  tlie  lineor  analyses  are  limited  because  the  selection  of  mate  rial  proper¬ 
ties  hinges  to  a  large  degree  on  the  availability  of  a  large  body  of  field  data 
cjnd  a  broad  generalization  of  these  results.  The  nonlinear  analysis  appears  to 
yield  displacements  some  who  t  lower  than  those  measured  but  the  values  for  analy'sis 
are  easily  and  inexpensively  obtained.  The  jointed  analysis  appears  to  yield  the 
best  overall  method  of  ea/uating  the  performance  of  the  opening,  The  rock  proper¬ 
ties  can  be  determined  as  easily  as  for  the  nonlinear  analysis,  but  field  data  is 
required  to  def.ne  the  prominent  di sconf inui t :es  and  their  properties.  However, 
if  this  data  is  available,  the  resulting  deformations,  stresses  and  stability 
of  the  rock  mass  may  be  evah'ited  with  a  reasonable  decree  of  accu-acy. 
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FIG.  8-31  MOBILIZED  STRENGTH  ALONG  DISCONTINUITIES 
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CHAPTER  9 


SUMMARY  AMD  CONCLUS  I  ONS 


The  studies  conducted  and  presented  in  this  report  were  oriented  toward 
establishing  a  simple,  practical  approach  for  applying  the  finite  element  method 
to  predict  the  behavior  of  underground  openings  in  rock  during  excavation.  The 
techniques  presented  use  nonlinear,  stress-dependent  empirical  models  for  the 
rock  and  discontinuity  properties  in  analyses  which  can  simulate  the  actual  ex¬ 
cavation  sequences  employed  in  the  field.  A  wide  range  of  generalized  analyses 
was  conducted  to  evaluate  the  relative  effects  of  variations  in  opening  shape, 
excavation  sequence,  initial  stress  values  and  orientations,  material  plenties 
and  discontinuity  orientation  on  the  resulting  stresses  and  displacements. 

Finally,  to  check  the  validity  and  general  applicability  of  these  techniques,  the 
results  of  finite  element  analyses  using  these  techniaue,  were  compared  to  the 
results  of  instrumentation  studies  which  had  been  conducted  to  measure  the  dis¬ 
placements  within  the  Edward  Hyatt  Powerplant  during  excavation.  Comparisons  of 
the  observed  and  computed  behavior  were  excellent  and  showed  that  these  techniques 
may  be  used  as  a  powerful  desion  tool  to:  (1)  predict  stresses  and  displacements 
around  openings  in  rock,  (2)  aid  in  the  selection  of  instrument  locations  for 
monitoring  displacements,  and  (3)  interpret  the  results  obtained  from  i ns t rumen ta t i or 
of  an  opening.  More  specific  details  are  summarized  in  the  tol lowing  sections. 

Finite  Element  Modeling  Techniques 

A  neneralized  procedure  for  incremental  excavation  analysis  was  discussed 
and  , ts  general  applicability  was  demonstrated.  A  number  of  analysis  were  conducted 
to  establish  minimum  criteria  for  the  design  of  finite  element  meshes  and  these 
analyses  showed  that,  for  simple  structures  in  homogeneous  rock  where  there  is  a 
Plane  of  symmetry  and  only  one-half  of  the  system  must  be  analyzed,  a  minimum  of 
125  to  150  elements  should  suffice.  More  will  be  needed  for  more  complex  shapes 
or  rock  masses.  These  studies  also  showed  that  to  conduct  analyses  with  a  minimum 

of  boundary  interference,  the  boundary  must  be  located  at  least  six  radii  from  the 
center  of  the  opening. 


St  ress-St  rain  Behavior  of  Rock 

An  extensive  literature  survey  was  conducted  to  evaluate  the  properties  of 
rock  types  for  use  in  analyses  and  to  examine  the  applicability  for  -ock  of  simple, 


practical  stress-strain  relationships  recently  proposed  for  soil.  The  results 
of  this  study  showed  that  these  relationships  simulate  the  nonlinear,  stress- 
dependent  behavior  of  rock  quite  well.  The  results  of  the  literature  survey, 
including  1 63  values  under  uniaxial  test  conditions  and  115  values  under  tri- 
axial  test  conditions,  were  tabulated  and  analyzed  and  representative  values  of 
the  parameters  were  discussed.  It  was  found  that  for  certain  classes  of  rock, 
material  properties  varied  little  and  that  nonlinearity  and/or  stress-dependency 
v/as  sometimes  a  minor  factor  in  the  behavior.  Furthermore,  this  survey  showed 
the  degree  and  importance  of  anisotropy  of  the  material  parameters. 

Analysis  of  Openings  in  Homogeneous  Rock  Masses 

Analyses  were  conducted  to  investigate  the  importance  of  material  properties, 
initial  stresses,  excavation  operations  and  opening  shapes  on  the  final  stresses 
and  displacements  around  underground  openings  in  homogeneous  rock  masses.  The 
results  of  these  analyses  showed  that  opening  shape,  initial  stress  magnitude, 
initial  stress  orientation  and  gravity  initial  stresses,  when  shallow,  effect  the 
resulting  stresses  and  displacements  considerably,  while  the  modulus,  in  a  linear 
analysis,  or  the  initial  tangent  stiffness  and  s t ress -dependency  in  a  nonlinear 
analysis,  greatly  effect  the  displacements.  Poisson's  ratio  variations  cause 
relatively  small  effects  on  the  stresses  and  displacements  and  all  other  parameters 
cause  minor,  if  any,  variations.  It  should  be  noted  that  in  all  of  these  analyses, 
representative  strength  parameters  were  used.  The  mobilized  shear  stresses  which 
resulted  were  small  and  subsequently  no  shear  failures  occurred.  Furthermore, 
tension  zones  were  allowed  to  develop  and  no  analysis  modifications  were  made  to 
account  for  tension  failure. 

Analysis  of  Openings  in  Rock  Containing  a  Single  Planar  Two-D i mens i on a  I  D i scont i nu i ty 
Analyses  were  conducted  to  evaluate  the  significance  of  discontinuity  stiffness 
and  orientation  on  the  resulting  stresses  and  displacements  around  underground  openings 
in  rock  containing  a  single,  prominent,  planar  discontinuity.  The  results  of  these 
analyses  showed  that  the  stress  changes,  i.e.,  load  transfer,  become  more  substantial, 
tension  zones  increase,  normal  and  shear  stresses  on  the  discontinuity  decrease  and 
displacements  increase  as  the  discontinuity  becomes  softer.  These  changes  are  very 
significant  when  M  (discontinuity  modulus/rock  modulus)  goes  from  1  to  10,  are  fairly 
important  when  M  goes  from  10  to  100  and  are  small  when  H  goes  from  100  to  1000. 
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When  the  planes  of  the  discontinuity  and  the  minimum  principal  stress 
coincide,  a  substantial  reduction  occurs  in  the  dimensionless  n  values,  the 
dimensionless  normal  stresses  on  the  discontinuity  are  greatest,  the  dis¬ 
continuity  compression  is  greatest  and  the  inv  ,rd  displacements  are  least. 

When  the  planes  of  the  discontinuity  and  the  maximum  principal  stress  coincide, 
a  substantial  increase  occurs  in  the  dimensionless  values  in  the  discontinuity 
with  a  decrease  adjacent  to  the  discontinuity,  the  dimensionless  shear  stresses 
on  the  discontinuity  are  greatest,  the  discontinuity  compression  is  least  and  the 
inward  displacements  are  greatest.  When  the  discontinuity  is  at  k5°  to  the  initial 
principal  stresses  and  as  the  discontinuity  becomes  softer,  the  dimensionless 
values  in  the  discontinuity  become  equal  to  one  and  the  dimensionless  ••  valucs'in 
the  discontinuity  become  equal  to  K,  the  ratio  of  initial  minor  to  major  principal 
stresses.  All  other  changes  are  minor. 


Stress-Deformation  Behavior  of  Planar  Discont i nu i t i e s 

An  extensive  literature  survey  was  conducted  to  evaluate  the  properties  of 
discontinuities  for  use  in  analyses  and  to  examine  the  applicability  of  a  simple, 
practical  stress-deformation  relationship  for  rock  discontinuities.  The  results' 
of  this  study  showed  that  these  relationships  simulate  the  behavior  quite  well. 

The  results  of  the  literature  survey,  including  32  different  types  of  discontinuities 
were  tabulated  and  analyzed  and  representative  values  of  the  parameters  were  noted. 

It  was  found  that  many  of  the  parameters  do  not  vary  over  a  very  wide  range. 


Analysis  of  Openings  in  Rock  Containing  a  Single  Planar  One-Dimensional  Discont 


i  nu  i  ty 


Analyses  were  conducted  to  evaluate  the  effect  of  variations  in  the  normal 
and  shear  stiffnesses  of  a  one-dimensional  discontinuity  on  the  resulting  stresses 
and  displacements  around  underground  openings  in  rock  containing  a  single  prominent 
discontinuity.  The  results  of  these  analyses  are  similar  to  those  obtained  when  a 
two-dimensional  discontinuity  was  analyzed.  These  results  showed  that,  as  the  dis¬ 
continuity  becomes  softer,  the  stress  changes  (or  load  transfer)  become  more  sub¬ 
stantial,  tension  zones  increase,  normal  and  shear  stresses  on  the  discontinuity 
decrease  and  displacements  of  the  opening  increase. 

These  conclusions  can  be  further  amplified  since  the  stiffness  of  the  one- 
d i men s i ona 1  discontinuity  is  based  upon  independent  normal  and  shear  stiffnesses. 
These  studies  showed  that  the  resulting  stresses  and  displacements  were  affected  more 


by  the  normal  stiffness  than  by  the  shear  stiffness,  indicating  that  the  stiffness 
component  acting  in  the  same  direction  as  the  initial  maximum  principal  stress  is 
the  most  important  in  determining  the  resulting  behavior  of  the  opening.  These 
studies  further  showed  that  the  nonlinearity  of  the  shear  stiffness  is  of  minor 
importance  but  that  the  initial  stiffness  and  st ress-dependency  is  significant 
m  determining  the  stresses  and  displacements  of  the  opening. 

Analysis  0f  the  Behavior  of  Eduard  Hyatt  Powerplant 

Based  upon  the  four  types  orfinite  element  analyses  conducted  for  the 
Edward  Hyatt  Powerplant  (I  step  linear,  3  step  linear,  3  step  nonlinear  and  3 
step  jointed),  it  cnn  be  said  that  all  of  the  analyses  can  provide  reasonable 
representations  of  the  observed  behavior  i_f  the  material  properties  can  be 
adequately  defined.  The  I  step  linear  analysis  is  limited  because  it  cannot 
follow  the  excavation  sequence.  Both  of  the  linear  analyses  are  limited  because 
the  selection  of  material  properties  hinges  to  a  large  degree  on  the  availability 
of  a  large  body  of  field  data  and  a  broad  general ization  of  these  results.  The 
nonlinear  analysis  appears  to  yield  displacements  somewhat  lower  than  those 
measured  but  the  values  for  analysis  are  easily  and  inexpensively  obtained.  The 
jointed  analysis  appears  to  yield  the  best  overall  method  of  evaluating  the  per¬ 
formance  of  the  opening.  The  rock  properties  can  be  determined  as  easily  as  for 
the  nonlinear  analysis,  but  field  data  is  required  to  define  the  prominent 
discontinuities  and  their  properties.  However,  if  this  data  is  available,  the  resulting 

deformations,  stresses  and  stability  of  the  rock  mass  may  be  evaluated  with  a 
degree  of  accuracy. 

Cone  1  us  ions 

The  analyses  presented  during  the  course  of  this  investigation  have  shown 
that  the  finite  element  method,  coupled  with  the  analytical  techniques  for  simulating 
t  e  excavation  sequence  and  the  nonlinear,  stress-dependent  behavior  of  the  rock 
and  the  discontinuities,  can  predict  the  behavior  of  underground  openings  in  rock 
quite  well.  This  approach  is  well-suited  for  practical  use  because  the  material 

Properties  can  be  evaluated  relatively  easily  and  the  field  excavation  sequence  can 
be  followed  directly. 

For  preliminary  design  and  evaluation,  the  generalized  results  presented  may  be 
used  very  effectively  to  evaluate  the  probable  range  of  behavior  for  a  proposed 
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opening.  For  final  design  and  evaluation,  the  techniques  presented  may  be 
used  to: 

(1)  predict  stresses  and  displacements  around  openings  in  rock, 

(2)  assess  zones  of  potential  instability, 

(3)  aid  in  the  selection  of  instrument  locations,  and 

(4)  interpret  the  results  obtained  from  field  instrumentation. 
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APPENDIX  A 


SELECTED  UNITS  CONVERSION  FACTORS 

1  ki lonewton/square  meter  (KN/m2)  =  o.OI  bar  (b) 

~  0.00001  ki lobar  (kb) 

=  0.00986  atmosphere  (atm) 

=  0.0104  ton/square  foot  (tsf) 

=  0.0209  kip/square  foot  (ksf) 

=  20.9  pound/square  foot  (psf) 

=  0.0102  kilogram/square  centimeter  (kg/cm2) 

=  102.0  kilogram/square  meter  (kg/m2) 

=  0.1452  pound/square  inch  (psi) 

=  0.0001452  kip/square  inch  (ksi) 

1  kilonewton/cubic  meter  (KN/m3)  =  0.0031?  ton/cubic  foot  (tcf) 

=  0.000102  kilogram/cubic  centimeter  (kg/cm3) 
0.00369  Dound/cubic  inch  (pci! 

Frequently  Used  Constants  In  Units  Suitable  For  Analyses  With  The  Above  SI  Units 

Unit  Weight  of  Rock  (Typical)  =  1  psi/ft  e  Hi,  pcf  =  226  w<3 
Unit  Weight  of  Water  =  62.4  pcf  =  9.80  KN/m3 
1  Atmosphere  =  101.3  KN/m2 


APPENDIX  D 


COMPUTER  PROGRAM  USER'S  GUIDE 


Title 

Finite  Element  Analysis  for  the  Excavation  of  Underpround  Oprninqs  in 
Nonlinear,  Discontinuous  Rock 

i dent i f i cat  ion 

The  computer  program  consists  of  a  main  program  and  nine  subroutines 
(LAYOUT,  LSSTIF,  BANSOL,  LSRESL ,  EXCAV,  LSQUAD ,  LST8 ,  JTSTIF,  JTSTR)  .  The 
program  was  coded  by  Professor  F.  H.  Kulhawy  of  Syracuse  University  (1971-72) 
using  the  general  finite  element  programming  concepts  and  solution  techniques 
developed  by  Professor  E.  L.  V/ i Ison  of  the  University  of  California  (1963- 
date).  Specific  formulations  included  are  the  linear  strain  element  of 
Felippa  (1966),  the  excavation  simulation  concepts  of  Clough  and  Duncan  ( 1 969 ) , 
the  nonlinear  one-dimensional  element  of  Goodman  et  al  (1968)  and  Clough  and 
Duncan  (1969),  and  the  nonlinear  s t ress-s t ra  i  n  relationships  of  Duncan  and 
Chang  (1970)  and  Kulhawy  et  al  (1969). 

Purpose 

The  purpose  of  this  computer  program  is  to  calculate  the  stresses,  strains, 
and  displacements  around  underground  openings  in  rock  by  simulating  actual 
field  construction  sequences.  The  analysis  is  performed  by  finite  element 
methods,  assuming  plane  strain  deformation  and  isotropic  rock  properties. 

Opt  ions 

The  computer  program  has  the  capability  to  follow  nearly  any  single  or 
multiple  excavation  sequence  in  rock  which  may  have  initial  stresses  constant 
with  depth  or  increasing  linearly  with  depth.  The  program  also  has  provisions 
for  one-dimensional  and  two-dimensional  elements,  the  properties  for  which 
may  be  either  linear  or  hyperbol i ca 1 1 y  nonlinear  and/or  stress-dependent. 

Sequence  of  Operations 

The  main  program  monitors  all  operations  by  calling  the  following  subroutines 
(which  may  call  further  subroutines)  to  perform  the  analyses  for  each  excavation 
step: 

a)  LAYOUT  reads  and  prints  the  input  data  and  computes  the  initial  element 
stresses  and  material  properties. 

b)  LSSTIF  develops  the  stiffness  and  load  matrices  of  the  entire  assemblage 
of  elements  in  the  system,  applies  the  excavation  boundary  forces  and 
modifies  the  matrices  for  the  specified  boundary  constraints. 
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c)  BANSOL  solves  for  the  unknown  nodal  point  displacements  from  the 
known  stiffness  and  load  matrices  by  a  Gaussian  elimination  technique. 

d)  LSRESL  computes  and  prints  the  displacements,  strains  and  stresses 
in  the  system  at  the  end  of  each  excavation  step  and  modifies  the 
rock  and  discontinuity  properties  for  the  next  step. 

e)  EXCAV  is  called  by  LSSTIF  and  evaluates  the  equivalent  forces  along 
an  excavation  boundary  which  are  applied  to  simulate  excavation. 

f)  LSQUAD  is  called  by  LSSTIF  and  by  LSRESL  for  each  two-dimensional 
quadrilateral  element  and  it  sets  up  the  stiffness  matrix  for  each 
element.  In  LSSTIF  this  matrix  is  used  to  set  up  the  stiffness 
matrix  for  the  entire  system.  In  LSRESL  this  matrix  is  used  to 
compute  the  element  strains  (and  subsequently  the  stresses)  from  the 
nodal  point  displacements. 

g)  LST8  is  called  twice  by  LSQUAD  for  each  quadr i I atera 1  element  since 
LST8  sets  up  the  stiffness  matrix  for  each  of  the  two  linear  strain 
triangular  elements  making  up  the  quadrilateral  element. 

h)  JTSTIF  is  called  by  LSSTIF  for  each  one-dimensional  discontinuity 
element,  if  any  are  present,  and  sets  up  the  stiffness  matrix  for 
each  element. 

i)  JTSTR  is  called  by  LSRESL  for  each  one-dimensional  discontinuity  element, 
if  any  are  present,  and  computes  the  displacements,  strains  (through 

the  stiffness  matrix)  and  stresses  for  each  element.  New  stiffnesses 
are  then  computed  for  the  next  step.  D i anrammat i ca I  I y ,  the  operations 
can  be  shown  as  below: 


a. 

a) 


c 

O 


m 

> 

(0 

o 

X 

a) 

-C 

u 

n> 

<u 


MAIN 

(mon i tors 
operat i ons) 

i 

LAYOUT 

(initial 

set-up) 

± 

LSSTIF 
(s  t i f fness 
matr ix) 


EXCAV 

(excavation  silumation) 


each  element 
st  i  f fness 


* 


.  * 


JTSTIF 

(d i scont i nu  i  ty) 


A  LSQUAD 


twi  ce 


(quad  r i I  a tera 1  ) 


BANSOL 
(sol ves 
equations) 

4* 

LSRESL 

(output  resul ts 
modify  properties) 


each  element  N  A 
st  i  f fness  ^  lir<- 


JTSTR 

(d i scont i nu i ty) 
LSQUAD  ..  twice 


(quadr i lateral) 


LST8 

(t  r iangl e) 


LST8 

( t r i angle) 
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INPUT  DATA  PROCEDURE 


.!-•  CONTROL  CARDS  (3  cards  required) 
a)  Card  I  (l8A*0 


b)  Card  2  (215) 


6-10 

11-15 

16-20 


NUMELT 

NUMNPT 


c)  Card  3  (715) 


NUMBC 

NZONES 

NLAY 

NUMIT 


21-25  NONLIN 

26-30  NJOINT 


31-35  NPUNCH 


Title  card  for  program  identification 


Number  of  elements  in  mesh.  (275  max) 
Number  of  noda ,  points  in  mesh.  (300  max) 


Number  of  nodal  points  in  mesh  with  constrained  deformation 
x  fixity  y  fixity,  x  and  y  fixity.  ( 1 00  max) 

Number  of  different  material  types. (10  max) 

Number  of  excavation  steps  in  problem.  (10  max) 

Number  of  solution  cycles  per  excavation  step. 

,  • 9 • *  for  '  iteration  cycle  per  step,  NUMIT  =  2) 

Normal ly  NUMIT  =  1  is  used  ' 

Code  for  nonlinear  two-dimensional  material  properties. 

(  0  for  all  linear,  1  for  some  or  all  nonlinear  ) 

Code  for  identifying  discontinuities. 

(All  material  types  >  NJOINT  are  discontinuities. 

If  no  discontinuities,  NJOINT  •■=  NZONES  +  1) 

Code  for  punching  final  stresses  if  desired. 

(0  =  no,  1  =  yes) 


\ 
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2.  ROCK  PROPERTY  CARDS  (2*NJ0INT  -  I  cards  required) 

a)  Units  Card  (F10.0) 

1-10  CONS  -  Atmospheric  pressure  is  consistent  units. 

b)  Stress-Strain  Property  Cards  (I4.6F10.4)  (NJOINT  -  I  cards  required) 

Material  type  nuri.-r 
Un it  weight 

Modulus  constants  (K  and  n) 

Poisson's  ratio  constants  (d,G,F) 


c)  Strength  Property  Cards  (|4,4F10.4)  (NJOINT  -  1  cards  required) 


1-1* 

N 

-  Material  type  number 

5-14 

cc 

-  Cohesion 

in-24 

PHI 

-  Annie  of  friction  (depi ees) 

25-34 

RF 

-  Failure  ratio 

35’44 

CODE 

-  Code  for  nonlinear  nroperti 

^0.0  for  linear,  1.0  for  non’ inear) 


1-4 

N 

5-14 

GAM 

15-24 

C0EF^> 

25-34 

EXP  j 

35-44 

DD'x 

45-54 

GG  l 

55-54 

The  use  of  these  parameters  is  discussed  in  the  main  text,  but  the  following 
should  serve  as  a  covenient  reference  base.  Above  all,  be  consistent 
wi  th  a  I  1  units. 

If  NONLIN  =  0  on  control  card  Ic  (all  rock  materials  linear  elastic),  use  the 
following  for  each  rock  material  type: 

COEF  =  modulus  of  elasticity  (E) 

GG  =  Poisson's  ratio  (\  ) 

RF  =1.0 

EXP  =  DO  =  FF  =  CODE  =  0.0 

If  NONLIN  =  1  on  control  card  Ic  (one  or  more  rock  materials  nonlinear),  the 
tangent  modulus  (Et)  and  the  tangent  Poisson's  ratio  (j  )  are  calculated  after 
each  excavation  step  according  to  the  following:  C 

0  -  (CODE)  (RF)  (1 .0  -  sin  PHI)  (  1-3) 

(2.0)  (CC)  (CosPHI)  +  (2.0)  (o3)  (sinPHl) 

in  which  E.  =  (COEF)  (CONS)  (  — jL  )EXP 

v  =  v./  (1.0-  (DD)  (c  ))2 
t  i  a 

in  which  v.  =  GG  -  FF  log  (^/CONS) 

When  NONLIN  =  1  on  control  card  Ic  and  it  is  desired  ro  have  different  degrees  of 
nonlinearity  and/or  stress-dependency  for  E  or  ,  the  following  can  be  used: 

modulus  only  nonlinear,  set  EXP  =  0.0  and  E.  =  (COEF)  (CONS) 
modulus  only  stress-dependent,  set  CODE  =  0.0 
Poisson's  ratio  only  nonlinear,  set  FF  =  0.0 
Poisson's  ratio  only  stress-dependent,  set  DD  =  0.0 

if  Poisson's  ratio  becomes  greater  than  0.^9  in  the  equations,  it  is  automatically 
reset  to  a  maximum  value  of  0.^9. 


3.  DISCONTINUITY  PROPERTY  CARDS  (NZONES-NJO I  NT  +  2  cards  required) 

(If  there  are  no  discontinuity  elements,  do  not  include  any  cards  for  this 
section) 

a)  Units  Card  (FIO.O) 

1-10  GAMW  -  Unit  weight  of  water  in  consistent  units. 

b)  Property  Cards  (|1*,F10.2,  2F5.2,  AF 1 0 . 2 ,  2F5.2)  (NZONES-NJO I  NT  +  I  ;ards  required) 

Material  type  number 
Cohesion 

Angle  of  friction  (decrees) 

Angle  of  discontinuity,  counterclockwise  from 
horizontal  (degrees) 

Normal  stiffness  (Kp) 

Shear  stiffness  (K  )  or  Stiffness  number  (K.) 

K  and  K  after  tension  failure  ■* 

K  (or  Kj)  after  shear  ailure 
Stiffness  exponent  (n.) 

Foi  lure  rat  io  (F^..)  J 

The  use  of  these  parameters  i s  discussed  in  th-  main  text,  Cut  the  following  should 
serve  as  a  convenient  reference  base.  Above  all,  be  consistent  with  all  units. 

The  normal  stiffness  (Kp)  is  treated  as  a  constant  hut  the  tanqent  shear  stiffness 
(K  )  is  evaluated  by  the  following: 


1-1* 

N 

- 

5-1* 

CJ 

- 

15-19 

PHI  J 

- 

20-24 

ANGJ 

■* 

25-31* 

EJTI 

_ 

35-l*l* 

EJT2 

- 

1*5-51* 

EJT3 

- 

55-61* 

EJTl* 

- 

65-69 

EJT5 

- 

70-71* 

EJT6 

- 

K  =  K  . 
st  si 


,  r. 


0  - 


(EJT6)  ( •) 


-  2 


CJ  +  (v  )  tan  °H I J  - 
n 


in  which  Ks.  -  (FJT2)  (GAM*./)  (7—-) 

cor  different  degrees  of  nonlinearity  and/or  s t ress -dependency ,  the  following  mav 

■e  used: 


stiffness  »nlv  nonlinear,  set  FJTf  =  0.T  nd  K  .  =  (EJT2) (GAMW) 
stiffness  on  I /  stress-dependent,  set  EJTF  =  0.0 

stiffness  only  linear,  sef  EJT5  -•  EJTft  .0,  f.AMW  =  1.0  and  EJT2=K 


4.  NODAL  POINT  CARDS 


a)  Coordinate  cards  (15,  2F10.2) 

(Use  as  many  cards  as  necessary  to  define  the  system) 

1 "5  MM  -  Nodal  point  number 

6-15  ORD  (MM,  1 )  -  X  coordinate  of  MM  (+  to  right) 

16-25  ORD  (MM, 2)  -  Y  coordinate  of  MM  (+  up) 

Use  a  reference  system  such  that  the  point  furthest  to  the  left  has 
ORD  (MM, 1 )  =  0.0  and  the  lowest  point  has  ORD  (MM, 2)  =  0.0. 

If  nodal  points  are  omitted,  the  computer  program  generates  the  omitted  points 
by  incrementing  MM  in  intervals  of  1  and  by  calculating  ORD  (MM,l)  and  ORD  (MM, 2) 
at  equal  intervals  along  a  straight  line  between  the  two  defined  nodal  points. 

The  first  and  last  nodal  points  must  always  be  given.  (e.g.  -  MM  =  1  and  MM  = 

NUMNPT)  Nodal  points  must  be  read  in  numerical  sequence. 

b)  Constrained  deformation  cards  (1615) 

(Use  as  many  cards  as  necessary  to  define  NUMBC  nodal  points) 

Number  of  constrained  nodal  point 

Code  to  define  the  type  of  fixity  at  this  nodal  point 
(NFIX  =  0  for  X  and  Y  fixity) 

(NFIX  =  1  for  X  fixity  only) 

(NFIX  =  2  for  Y  fixity  only) 

Continue  across  the  card  for  the  constre'ined  modal  points  at  repeating  10  column 
intervals  as  above  for  a  maximum  of  eight  alternating  values  of  NBC  and  NFIX  per  card. 
Omitted  nodal  points  are  free  to  move  in  both  the  X  arid  Y  directions. 


1-5  NBC 

6-10  NFIX 


ELEMENT 

CAROS 

(715)  (Use  as 

many 

cards  as 

necessary  to  define  the  system) 

1-5 

N 

-  Element  number 

6-10 

NPN 

(N,  1 ) 

-  Number  of 

noda  1 

point 

1 

for  this 

e 1 ement . 

11-15 

NPN 

(N,2) 

-  Number  of 

noda  1 

poin. 

J 

for  this 

e 1 ement . 

16-20 

NPN 

(N,3) 

-  Number  of 

nodal 

point 

K 

for  this 

e 1 ement . 

21-25 

NPN 

(N,i») 

-  Number  of 

nodal 

point 

L 

for  t  i i s 

e 1 ement . 

26-30 

NPN 

(N,5) 

-  Material 

type  for  this 

e 

1  errent . 

31-35 

NPN 

(N,6) 

-  Set  equal 

to  7ero. 

If  element 

cards  are 

omitted,  the  program  generates  the 

omittea  elements  by 

incrementing  N  and  NPN  (N,  1  through  k)  in  intervals  of  1  while  retainina  the 
same  values  of  NPN  (N,5)  and  NPN  (N,6).  The  first  and  last  elements  must  always 
be  given.  (e.q.  -  N  =  I  and  N  =  NUMELT)  Elements  must  be  numbered  consecutively, 
proceeding  counterclockwise  around  the  quadrilateral  elemerts.  Nodal  point 
numbers  within  any  given  element  must  be  <  26. 


Triangular  shaped  elements  may  be  used  as  long  as  a  fourth  nodal  point  is  placed 
along  one  side  of  this  element.  Care  must  be  exercised  that  the  diagonal  fron 
nodal  point  J  to  nodal  point  L  is  not  on  a  straight  line  including  either  I  or 
K.  Numbering  should  be  done  in  either  of  the  folio  inn  ways: 


In  elements  which  are  not  square,  reasonable  efforts  should  be  a:  to  ensure  that 
the  diagonal  from  nodal  point  J  to  nodal  Doint  L  is  the  shortest  d ,  a  nil  in  the 
e  lenient . 

For  discontinuity  elements,  number  as  below: 
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6.  INITIAL  STRESS  AND  GEOMETRY  CARD  (8F10.0) 


1-10 

11-20 


21-30 

31-40 

41-50 


51-60 

61-70 

71-80 


*S I GCL  = 


ELEV 

GRAD 


SIGA 

SIGB 

AKO 


ANGSIG 

S I  GCL 
RADIUS 


-  Surface  elevation  of  top  of  mesh. 

-  Initial  rate  of  increase  of  vertical  stress  with  depth. 

(0.0  if  initial  stresses  constant  with  depth) 

(1.0  if  rate  of  increase  =  unit  weight  of  material  type  1 

per  unit  depth) 

-  Initial  maximum  principal  stress  at  top  of  mesh. 

Initial  minimum  principal  stress  at  top  of  mesh. 

-  Initial  principal  stress  ratio. 

(If  SIGA  and  SIGB  >0,  AKO  =  SIGR/SIGA.) 

(For  shallow  openings,  when  SIGA  =  SIGB  =  0.0,  AKO  is 

the  desired  initial  principal  stress  ratio  in  the  rock  mass. 

Principal  stress  angle  from  horizontal  to  SIG3,  measured 
counterclockwise. 

Initial  maximum  principal  stress  at  center  of  final  opening. 

-  Radius  of  opening. 


,  (2.0) (GRAD) (GAM(l))  (ELEV-ELEV  at  center) 
0+  sfgX  )  +  0~  s'|  )  (cos  (2.0)  (ANGSIG)) 


7-  EXCAVATION  SEQUENCE  CARDS  (Repeat  the  fol  lowing  NLAY  times) 

a)  Excavation  step  control  card  (515) 

1-5  IN  -  Number  of  excavation  step. 

6-10  NOMFL  -  Number  of  elements  excavated  durinq  this  step  (50  max) 

11-15  NCUT  -  Number  of  elements  directly  along  the  excavated  surface 

16-20  NOMNP  -  Number  of  nodal  points  along  the  exposed  excavation  face 

after  the  above  elements  are  removed,  including  those 
along  t he  excavation  surface  from  previous  steps. 

21-25  NPS  -  Number  of  nodal  points  along  excavated  surface  (NOMNP), 

plus  all  other  nodal  points  included  in  the  NCUT  elements. 

(50  max) 

b)  Element  cards  (1615) 

1-5  NEL  -  Number  of  element  excavated. 

Continue  across  the  card  for  each  of  the  NOMEL  elements  at  5  column  intervals  for 
a  maximum  of  16  values  per  card.  The  NCUT  elements  (those  directly  along  the 
excavated  surface)  must  be  read  in  before  any  of  the  excavated  elements  not  touching 
the  excavation  surface. 


c)  Nodal  point  cards  (515)  (Number  of  cards  required  =  NPS) 


1-5 

6-10 

11-15 

16-20 

21-25 


NOD  (J,l)  -  Number  of  nodal  point  along  excavation  surface  or  in 
one  of  the  NCUT  elements. 

NOD  (J ,2)  -  Number  of  first  interpolation  element. 

NOD  (J ,3)  -  Number  of  second  interpolation  element. 

NOD  (J,A)  -  Number  of  third  interpolation  element. 

NOD  (J ,5)  -  Number  of  fourth  interpolation  element. 


All  of  the  nodal  points  along  the  exca\ation  surface  must  be  read  before  any  of  the 
remaining  nodal  points  in  the  NCUT  elements. 


The  interpolation  elements  should  be  read  in  criss-cross  fashion  as  below: 


2  &  3  would  be  "NCUT"  element 

A  would  be  an  excavated  element  not 
along  the  cut 

NI,N2,N3  are  nodal  points  along  excavated 
surface 

N4,N5,N6  are  the  other  nodal  points  in  the 
NCUT  elements 


No  three  of  the  interpolation  elements  can  lie  on  a  straight  line. 

If  NOD  (J,l)  is  along  a  completely  excavated  surface  already,  set  the  values  of  NOD 
(J,2)  through  NOD  (J,5)  equal  to  zero. 
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Do  not  include  discontinuity  elements  as  interpolation  elements.  Set  up  as  below 


for  N2 ,  use  1  ,6 ,4 ,3 
for  N3  ,  use  1  ,6,4,3 


Best 

Available 

Copy 
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•  'i*  V  *r 


*t:  ’i:  'i"  5, 1  v  "■*  'i'  IJt  v  V  v  V  *i!  • 


r.m*  mom 
common 

C  n  m  m  1 1 m 
CM  1-1 MIIM 
COMMON 

r.i  jm  mi  )m 
common 

CdMMi  i  iv 
nii'Mi  MM 
CIIMMl  IN 

r.*» '•*  ^  ^ ■ 


/  I  M  I  T  /  Mf-n  (  M  )  .  Ml  i  -  FI  I  m'IIMN  pt  ,M.|H  |  MT  ,  i.'Plii'T.H 
/m-i  L/  npm  (  ?  7  5  .  M  ,  i  )i<  1 1  (  300,?)  ,  y  C  f  (  ?  7  ■) )  ,  v  C  °  (  ?  7  5  ) 

/i  p^r,/  py  <  -’■on ) ,  rY  (  30(1 1  ,Mn-,pr  ,m><c  ( i  on )  ,nf  i  y  ( looi 

/PAMS/  I..KAMI),  r-  IIWMLK  .  ^  (  f  OM )  ,  A (  I  A  a  ,  ka  ) 

/r.m  i  /  m  /  y  .  i.n , rii'-  •- 1.  ,f  cm  ,t  in- ,i,ps  ,m;i  •  it.it 
/r.ui  ?/  hr  (  ‘jm  )  , <•  mu  vimi 

/r-  AT  !  /  Kill  K  (?/•')),  SHEAR  (  ?7A  )  ,  Pill  s  (  ?75)  ,  OAI  (  1  0)  ,fll  I  ML  IM 

/hat?/  CMMS.r.ni  f  ( in) ,  h  x  p  ( in)  ,no(  io) ,  r.oi  ioi  .frioi  ,  mom s 
/mat  3/  r.r  (  1  O)  .  PHI  (  I  0)  .kH  1  01  ,n|-  V 1  (  1  0  )  ,I)FV?  (  10)  ,CiiiVc  (  1  0) 

/  S  T  R  S  /  S  1  R  E  S  S  (  ?  V  5  ,  3  )  ,  VI  r,C  I  ,  p.  A  0  1 1 1 S 


c 

C! 


PROCESS  I ''PUT  AMI )  I  IM  I  T  I  A  L  I  /  p  -  TMRi  AiValv/F  EACH  EXCAVATION  ^  T  I-  m 


100  CAI.L  LAYOUT 

?no  o«  I  mi  ?ono.  hfi) 

PFAO  1000 
PR  INI  ?mn.  1.0. MO 
R  F  A  0  1000,  (NEL( 

PRINT  ?0?0,  (IvFLI 
PR  I  Ml  ? 0 3 0  ,  ( • -l h  L  ( 

PPM)  I  01  0.  (  (MHi 

PRINT  ?0A0,  ((Mill) 


l.i'i.MO  'El  ,  ITf.l  IT  ,  r.flMMP.MPS 
•ILL  , A' CUT  ,  MflMMP  ,MPS 
)  .  I  =  ]  .  I'  fH-.F  L  I 
)  ,  I  =  1  ,MMEl  ) 

)  ,  I  =  I  .  Mf.IlT  ) 

.1,11)  ..v=l  ,R)  ,  J=1  ,MPS) 

J  ,N  )  .  M=  1  ,  5  )  ,  ,1=  1  .  IM (  '‘-HP  ) 


C 

c 

c 


MP  A  =  M()MTlP  +  1 

PRINT  POPO,  (  (  NOli  (  J  ,m  )  ,  M=  1 , 0  )  ,  ,|  =  i'!PA  ,  r-i  P  s  ) 

IHI  000  I  T  =  1  ,NIIM  I  T 
CALL  TI^P  ( ?,JT 1 ) 

DIVELOP  5.  I  I  F  E  i'i  E  S  R  MATRIX,  SOLVE  E0(  IA  1  !  I  IMS  ,  EVALUATE  RESULTS 

CALL  LSSTIE 
CALL  KAIVSDI 
CALL  L  SR  P  S  L 
CALL  T  I  ci  E  (?,.IT?) 

SEC  =  UV>~JT  1  l/I  00 


A  00 

PR  I  NT 

?OAO,  IN. IT, 

SEC 

IE  (LA 

,  LI  .  Ml.  AY  ) 

r;o  to  ?no 

cm  to 

1  00 

*  $  j;.- 

j,;  3,; 

*  -V  C  «  V  v' 

... ... ...  ,,,  ,,,  0,.  0,.  0,,  0,0  0^, 0, 

:  s;. 

*■»  V  V 

3,5  3,5 

1  000 

FORMAT 

(  I  M  5  ) 

1010 

FOR  M A  1 

(‘,hi 

?000 

FORMAT 

(  1  H  1  //  T  P  A  /) 

?oio 

FORMA  I 

(  ?  R  H  0 

EXCAVATION  STPP 

HO.  = 

I  A 

/ 

1 

?0H  Till  A L 

Mi.  FLEMEA'TS  REMOVED  = 

1  A 

/ 

? 

?0H  Nil 

.  ELEMENTS  aijimc 

out  = 

I  A 

/ 

3 

?9H  Ml.  Ail  If)  A  l_  POINTS  ALUMS 

on  = 

I  A 

/ 

A 

?PH  Mil.  COT  AMD  A|IV  |  1  1  ARY  ! 

'!  .  P  .  = 

I  A 

/  ) 

?0?0 

FORMAT 

(  33MO  M  Fn-P 

hTS  R  F Ml VI- 1)  JMRli 

THIS 

S  T  p  P 

•  v  V  v  *.» 


(  I  M  5  1  ) 


?  0  30  El  IP  MA  T 
?OAO  FORMAT 
? 05  0  FORMAT 

?000  FORMAT 
*  *'*  .•# 

•A  •  •  v  v  *.*  'i» 

EMIl 


(  ?  5  H  0  FI.FmEhTS  ALmDO  TMIS  COT  /  (  ]  A  I  i )  ) 

(3RH0  Y.P.  AI.UMO  0(1  T-I  N  TER  RfU  AT  ION  HF'-’EMS/I 
(  3‘>H0  AUXILIARY  M.  P  !  NTERPOI  A  I  I  O.m  E  L  E*''  F  M  T  S/ ( 
(  7H0L  AY  UR  =  I  3  ,*)>.,  T  T  El  I  T  F  R  ATT  i  iN=  I  ?  .  5  Y  ,  I  O-  T  1  E  ( 

«»  *i»  *i»  *i»  ».»  V  ».»  •«»  »■*  *1'  V  v  *■*  V  V  *.•  *1'  *.*  v  V  v  '■*  ».»  V  V  V  v  V  V  V  V  V  • 


»  A*  •«»  V  V  »|‘  *1*  V  * 


1  1  !• ,  U  3 , 3  I  5  ) 
I  I  0,  II  ?  ,  31 5) 
SFrm  1 1 s )  =  . 

V*  •  0  ,‘f  0  0  #V  *  0  ,*0  0  0 

r  v  *»•  v  •*’  *r*  *i*  ••  v 
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St  IKK  run  I  Mf-  LAYIIUT 

f  if  ft  ft  ft  ft  ft  V  ft  *  if  ;i'-  ft’  ft  ft  ft  ft  ft  '-‘r  ^  ft  ft  ft  >;t  ft  ft  ft  ft  *  *  ft  ft  ft  ft  *  ft ft ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  *  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ,,c  ft  ft  ft  if  if.  ft  ft  ft  ft 

COMMON  /  I  M  I  T  /  HF  It  (  ]  H  )  .Ml  If-  FIT  .MIIMMPT  .  M  .10  T  NT  ,  MP|  INCH 
COMMON  /NPFL/  NPN  (  2  7 5  *  <S  )  .OKOI  300,  7  )  »  X  C.  P  (  ?  7  5  )  ,  YC  P  (  77  5  ) 

COMMON  / MPHC  /  FX  (  ? 00  )  ,  F  Y  (  300  )  ,  NI)M«C  .NRC  (  1  00  )  ,  MF  I  X  (  ]  00  ) 

COMMON  /KAlviS/  MWAMn.MIIMRLK  ,  H(  1  0«  )  ,  A  (  1  0«  ,  54  ) 

COMMON  /C071  /  NL  AY  .  I.N  .Ml  IMF  L  CO  r  »Mf  O-f '  P  ,MPS  .  NIJM  IT.  IT 
COMM  i M  /mat  1  /  AOLK ( 775 )  , SHFAR (  775 ) ,POI SI  775 ) ,CAM(  10  )  f  MON|_  IN 
C'  "•■(•  i  /Kn?/  c  ii  «;  .ciif  f  (  i  n  ) ,»- n  u  i  i  n  j  ,rm(  i  o )  ,nn  (  i  m  ,  ff  u  0)  .N7owpc 

COi-iMOM  /mat  3/  CC(  1  n  )  ,  PH  |  (  10  )  ,KF  (  1  o  )  .f)FVl  (  10)  ,I»EV?  (  1  n»  t  C(lf)t  (  101 

C  f  MMOM  /!>•  AT  4  /  r.l  (  1  n  )  .  PHI  .1  (  1  O)  .  ANOJ  (  1  p  )  .F.IT  (  10.  A  )  .N»IT  ,OAMW 
COMMON  /STWS/  STRFSSI  775, 3)  .  SIOC.L, RADIOS 

C  *  *  85  !'!  *  ”  S  ! V  V  *  if  *  >*  *  if  ft  S'-  *  *  *  *  *  ft  if  if  ft  ft  ft  ft  ft  ft  ft  if  if  *  ft  *  ft  ft  ft  V  if  ft  *  *  if  ft  *  ft ft if  if  if  ft  ft 

C  RFAD  AMO  PR  I  A-  T  CONTROL  DATA 

R F  a o  ( i ,  i  non.  Fi.n=pqu  )  o-n 

RP/’I)  10(5.  MD-'FI.T  .i  om.  PJ 

RFAI)  1 00  3  ♦  At  I  iv  HC.  ♦  07  "MH  S  .  Ml.  AY  ,  m||,*i  f  T  ,M(Vhl  IN  ,  M.ffi  j  im]  \  .m  pi  Mf  w 

PRINT  7000.  H  F  O 

PRINT  7005,  MIJMFLT  .  MIIMMPT 

PRINT  7010.  Ml  IMP  C.  ,N7  ON  F  S  »M|_  Av  ,N|)M  I  T  .MOML  T  N  ,  N  J(i  TNT  ,  NPI  IMC.H 

C  *  ■'  *  *  *  *  *  v  *  *  *  v  ft  *  *  *  V  ft  ft if  if  ft  ft  ft  ft  ft  if  *  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft 

C  R  F  AO  AMO  PRINT  MATERIAL  PROPFRTY  DATA 

C  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *ft*  ft  *  *  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  v  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  #  ft  ft  ft  *  *  -  -  ft  :;t  ft 

MJ  T  =MJOI  fvT-1 
R  F  A  0  101 0,  CONS 

R  F  AO  1  01  5  .  ( IM.C  An  (  N  )  .COFFIN)  .  F  X  P  I  M  )  » 0  D  (  N  )  .COIN)  ,  FF  (  M  )  ,  M  =  1  ,MJT  ) 

R(- Al)  10?0.  (  N.Cr.  (  M  )  ,  PH  I  (  M  )  ,PF  (  N  )  ,COI)F  (M  )  ,  N=1  ,NJT  ) 

R  R  I  N  T  7075,  CONS 
PRIM-)  70  30 

PRINT  lClS,  (  N  *  0  A ■  (o)  .COFFIN)  ,FXR(N)  ,I)I)(N)  ,GG(Im)  ,FF(N)  ,M=1,MJT) 
PRINT  7I3S 

PRINT  1  C  70,  (  N  ,  cc  (  M  )  .PHI  (  M  )  ,R  F  (  M  )  ,rnnc  (  M  )  ,  N=  1  ,  lvi.IT  ) 

IF  (M  JOINT  .OT.  A70IMFS)  C,0  TO  100 
R  F  A  0  loin,  f,  A  M  •>' 

R  F  AO  1077,  (At  ,C  J  I  M  )  ,  PH  I  J  (  N  )  ,  ANOJ  (  M  )  ,  (  F.l  T  (  N  ,  I  )  ,  I  =  1  ,  iS  )  ,  N  =  M  JO  ?MT  , 

1  N70MFS) 

RRIN1  ? 0 3 A  ,  r.AMW 

PRINT  7037  ,  (  M  .C  J  (  N  )  ♦  PHI  J  (  M  )  ,  A  NO, |  (  N  )  ,  (  F  .  I T  (  'N*  ,  1  )  ,  T  =  1  ,  ft  )  ,  N  =  M  JO  I  N'T  , 

1  NZlTmS) 

C  *■"  . ''  J  -  ft  -i:  if  ft  s,: ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft ... ...  j..  J.. ,  : ... ... 

C  R  F  A  0  Al'lO  PRINT  MIIDAI.  0  O  f  M  T  ARRAY 

mo  I.  L  =  0 

1  0  S  R  F  A  0  I  07S.  N  ‘3*  ,  (  ( 1  ■<  1 1  (  M  ,  M  )  ,  I.  =  1  ,  7  ) 

0 F I.  T=  'IN-LI. 

fiX  =  ( f  iR  0  ( l-  M.  1  )  -op n  I  |.L  ♦  1  )  )  /  OF l.  T 

0Y=  (  O R  0  (  . . . -OK  01  l_  L  •  ?  )  )  /  OF  L  T 

110  L  L  =  L  L  +  1 

TF  (  MM- 1.1.  )  140,1  30,1  70 

170  OR  0  (  LL  ♦  1  )  =OR  0  (  1. 1.  -  1  .1  )  +OX 
IRO  (  LL  ,7  )=0R0(  LI.  -  1  .  7  )  +0Y 
CO  TO  HO 

130  IF  (MiMftPJ-MW)  140,  iso,  ms 
1 40  print  snro,  mm 
CALL  FXIT 
iso  PRINT  7040 

PRINT  1070,  ( I.',  (ORI)  (  N  .  M  ).  y-=l  =1  .MIIVMPJ  ) 


R  F  A  0  100S.  (  N«C.  (  K  )  ,  MF  I  X  (  K  }  ,  K  =  1  .NIIMRC  ) 


p w  INI  2  04  5 

Dll  1R0  K=)  , 1-Jtj^UC 

I  ^  (^FIX(K)  .  FO.  0)  PP.  IMT  ?0‘in  ,MMf.  ( K  ) 

IF  (NFIX(K)  .FO.  ))  PR  |  Ml  ?055,MMC(K) 

IF  (FFIX(K)  .  FO .  ?)  PRINT  ?n50,MRf|K) 

1R0  C'l^llf-'IIF 

f  ... ... ... -f  ... v  #  *  £  *  if  V  *  if  V  «  *  if  if  y  $  *  *  «  if  £  t  *  *  if  if  if  y  if  y  . .  -f  , . .  t  ...  .v  ^  * ..  ,  . . 

PFAD  AMO  PRINT  FLFMFMT  A  p  R  A  y'  .  CflMPtll  F  PT.  F()P  5  T  n  I-  5  SF  5 

c  *  *  *  *  *:  *  *  *  *  0  V  if  «  *  *  0  *  *  V  * *  *  *  *  y  y  *  *  y  y  y  ,,  ,,  ^  *  ...  ...  ^  ~  ‘ .  . . 

NM  =  0  ‘  . . . . . . . 

POO  P  F  A I )  1005,  M,  (MPN  (  N  ,M  )  ,M=  1  »M 

210  NM=MM+i 

IF  (M  .  LF.  MM)  Oil  T (1  23  0 
no  2P0  K  =  ),4 

??0  l>  Pl'i  (  RM  .  K  )  =MPM  (  MM  —  1  .  K  )  +  1 
MPN  (  NN  ,  o  )  =  MPM  (  MM-  1  .  R  ) 

NPM ( MM , 5 ) =0 

230  |  F  (n  .01.  Mm)  01)  TO  Pin 

IF  I  Ml  IF’FL  T  .OT.  MM)  Oil  TO  POO 
f. 

PR  I  Ml  2055 

HO  2I>0  M=  )  ,  Ml  IMF l  T 

J  =  M  P  M  |  IV)  t  2  ) 

L  =  M  PM (N,4 ) 

XCP (M) =0.5*1  PR D(  .1,  1  )+nRI)(L,l  )  ) 

YCP  ( M  )  =  0 . 5::  ( MR 0  ( .1 »  2  )  +  OR  D  (  L  ,  2  )  ) 

250  PRlMl  20/0,  M  »  (  M  PM  (  Ai  ,  M  )  »  M  =  )  ,  5  )  ,  X  C  0  (  N  )  ,  Yf.  P  (  M  ) 

C  r)FlFRMlM)'hiNn^IinH'7)r'sTlFFMF^r:M^nn^RnRri^ 

c~;r;;;;;:r - -• — 

no  510  M=  1  ,M( )MF|  T 

I  I =  M A X 0 ( MPM( M , 1 )  ,MPM ( N , ?  )  , MPM (  M  ,  3  )  ,MPM |  N  ,  4  )  ) 

J  J  =  M I  MO ( MPM | M , 1  ) ,MPM( N, 2  )  ,MPM( M. 3 )  ,NPNI M, 4 )  ) 

KK=2*I I I-JJ+1) 

IF  (KK  .OT.  MR AMO )  M  R  A  M  D  =  K  K 
IF  (MR AMO  , L  F .  54)  on  TO  5)0 
PRIM1  500-j,  M 

on  td  pro 

510  CONTINUE 

?******v*!**l,,f******»*”**#**,,»»»**»*»’>»««*»«»«*»««»*«»«.»*».»...«„„«.. 

F.  INI  1IAL  I  7m  VALOFP  Jm  MF5H 

fj  r  a  n  1  n  \  n  '  , '  , r  !  . . . .  ""  *  *  *  *  * V  *  v  V  *  V V  #  S: $  if  :,t  if  if  if  s|s y 

«.'F  =  r«WMu" l;"«.MU,<ir.R.»Kn,«Mr,,v1r,a,„i„^ 

PMN1!  ?OTO  c|-f  V.  SI  r.A.  S  ir.a./SKIl,  AHf,^  |r.,RATF,  Str.r.l .  RAnillS 

C  V  V  J|*  *i»  V  XI  5|l  5,*  ZI  T'  !,(  f'j  Ji  j*{  }*{  jJ;  j'j  y»  •'*  *•»  ...  «•»  ,  , 

’*  I  T  -I  .1  »,»  ...  .5  ...  J,.  J(J  %  J  J.  JV  J-;  *.  ;V  *v  * »  «<»  v.  y»  ,i.  ...  ,  . 

C  1.  CALfiiLATF  INITIAL  STRF^F^'  '  ’  . . 

CMM  v**nl7o*7A?ZnV!f**V*"******^ 

PHI  (M  )  =PH I  ( N ) /5  7. PW577P5 ) 

CONS  1  =?.  0/  (R  F  (•'•)«  (  1 . 0-S  I  '<  (  RH  I  (  M  )  )  )  ) 

DFV  1  (  im  |  =  Cl  iNST-r.C  (  m  )  #r.()<;  (  PHI  (  M  )  ) 

5  30  0F.V2  ( i-i )  =  C 1  if" S  T  “  n  I f>|  (  P h  I  (  n  )  ) 

AMG=ANOS IO/R7.2PR  7R 
AMor.=cnsi  p.ovamo  > 

A  N  0  S  =  S I M( 2.0- A NO) 

c 

0(1  750  M  = )  ,  Nl  ifc,EL  T 
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. 


iv)  bbo  m  =  i,3 
bbO  S1WFSS(M,M)=0.0 
M  1  YPE  =  MPN  (  M  ,  b  ) 

I  0  =  P  A  IF*  (  EI.PV-YCP  (N  )  ) 

'"'If  1  =  ,> .  fU-.|i.S  T  0  /  (  (  1  . 0+  AKH  )  +  (  1  . 0-  AKC) )  $AMOC  ) 
S I  fi  l  =  s  I  oa+us  [  o i 
S I  o  3  =  s  I  o  p + 1 1  s  i  o  i  *  a  k  ( i 

f  7  P-  =  (  S  I  G  !  +  M  n  3  >  /  ?  .  0 


f  *i  •  W  V  v 

r 

c  V  V-  it i't 

b  7  O 


C 


I  A  Or  (  <S  I  0  ]  -SJ  r,v  I  /  ?.n 
SlkFSSIN,  1  )  =  CTk  — !  AiivAf.  Of. 

s  7  k  f  ss  (  m  ,  2 )  =r  i « +  p  An?  am  nr. 

S  Ik  FSS  (I'it  3  )  =  -«  a n*  AimOS 

It-  (  1  Y  P  P  .LT.  M  It  i  f  f'.  T  )  op  Til  S  7  o 

k  H  I  M  1  ?()<->  ?  .  f'l .  X  r  P  (  M  )  ,  Y  0.  P  (  N  )  .  (  s  T  k  p  s  S  (  M  t  M  )  ,  M=  1  ,  3  )  ,  S  I  fi  1  ,  S  T  0  3 

fin  in  7bo 


?.  •  CALCIH  At  C  1 11 II  I  A  |_  F  A  !•  i  n  MU  v  A  1  1 1 1-  s 

IF  (U)NLIM  , f 't .  i)  p(i  m  7nn 
phi  sim)  =  oo  (  mtyop  ) 

F^nf)  =  r.nFF  ( f’T  YPF  ) 

SHF  A  R  ( M ) =  F  MW)  / (  ?. 0* (  1 . O  +  PDI s ( M )  )  ) 
PIILK  !  'i  )  =  S H F  A R  (  M  )  /  (  1 .0-?  .  0*Pfl  I  S  <  M  )  ) 

fin  m  74o 


#  #  #  $  $  #  *  #  51- 

»i*  >|«  S,C  V  3|*  V  V  5,»  5,t  >,C  »,'•  v  v  v  JjJ  5jC  Jj*  i,J  JjC 


7  00  OFVSlk  =  S Ifi] -SI  0  3 

0  F  \/  F  H  =  D  F ''  1  (  M  T  Y  P  F  )  +  0 F  V  ?  (  Pi  T  Y  P  F  )  *  S  T  0  3 
F  I  =CMFF  (MTVPF  )  wf.DMSv  ((SI  03/01  IMS  )  ~*F  XP  (  MTYPF  )  ) 

FP.S  =  DFVSTR  /  (  F  I  :;*(  1  .0-  (  OPVSTR/OFVFu  )  )  ) 

PO  I  S  I  =  0(-  (  im  f  Y k F  )  -  l-F  (  M T  YPF  )  AL fiO  1  0  (  S  I  03/C0MS  ) 

PH  I  S  (  N  )  =PI!I  S  I  /  (  (  i  .  0-1  0  (  MTYPF  )  *FPS  )  it  *?  .p  ) 

IF  (pn[S(M)  . 0  T .  0.400)  PDI S( M) =0.400 
F  or  if)  =  F  I  ”  (  (  l  .  0-  (  CPOF  I T  YP  F  )  XO'F  \<  s  TR  /  OFVFH )  )**?.{)) 

SHF  Ak  ( ivi )  =  Fi»'OD/  (  ?.0*  (  I  .  o  +  pf)I  S  (  M  )  )  ) 

RllLK  (  M  )  =  S H F  A  R  ( *'• )  /  (  1 . 0-?  ,  Os.'- POJ  s  ( 1 1 )  ) 

740  PRINT  ?0OS.  M.  XCP  (  M  ).  YO.P  (  Ai  )  t  FMOO.  FHI.K  (  M  )  t  SHF  AR  (M  ),  POI  S  (  H  )  , 
1  (  S  T  R  E  S  S  (  M  » l-i )  t  M  =  1 , 3  )  ♦  S  1  0 1  ♦  S  I  fi  3 

7  b  0  0.01  T I  HI  IF 


c 

c  *  » 


...  :,t >,t it it it it i-  s,:  it  it it  *  J.: it  it  it  it  it  !,t  it  it  it  it  it  it  if  it  it  s;t  :f  -.;t  it  it  j;t  it  it  it  it  it  it  it  it  it  jjt  it  it  it  it  $  $  it  it  it  it  it  it  it  it  it  :,t 

3.  CALCULATE  I  m  IT  I  A  L  0 1  SCflMT  I  Ml  1 1  TY  STRESSES  AMI)  STIFF MFSSFs 

it  :,t  it :  it  :,t  it  it  it  it  it  it  it  :;t  .-,t it  it  it  it  it  it  it  it  it  it  it  it  it  it  it  it  s;  it  it  it  it  it  it  it  it  *  it  *  it  it  it  it  *  ... ... ...  ^  v  .,  ...  . . ... 

IF  (MJOIMT  .01.  O' 7 (IMPS  )  rftmrm 
P  P  I  M  *1  3000 


on  HOO  I>.=  )  ,  ill  -  FI  T 
m  i  y  P  p  =  n  p  -  ( i  ,  o  ) 

IF  (I'-TYPF  ,lt.  i'i.ii  i  I  mt  )  on  TO  »on 
ALF  =  AMO..I  ( ;.*TYPF  )  /  o'  .  ?ob7A 
AL.I  =  PHJ,|(1-..TYPF)/b7.?ob7« 

SXX=S1RPSS(M,1) 

SYY=S1RFSS(M,?) 

SXY=S1«FSS(M,3) 

S  1  k  F ■  S  S  (  M  ,  1  )  =  S  Y  Y  *  (  r.  0  S  (  A  L  F  )  *  ?  ,  +  S  X  X  *  (  S  I  N  (  A  L  F  )  *  v  2  )  +  s  X  Y  *  S  I  M  (  ?  .  0  »  A  |.  F  ) 
S  1  k  E  s  s  (  M  «  ?  )  =  0  .  (  S  Y  Y  -  s  x  X  )  •”  S  I  !>■(?.  0 !1  A  |  F  )-SXY -CO  c  (  ?  .  0«  A  L  F  ) 

S 1 R  F S  S ( H  »  3  )  =0. n 


H»-ML  K.  (  M  )  =  P  . I T  (  f-  I  Y P  i-  .  1  ) 

S"f-  ARI=F  IT  (MTYPF.  ?)itf;AMW::=(  (  STRFSS(M.l  )  /COMS  )  iti-.p.l  T  (  M  T  YPF  ,  5  )  ) 
SlkJ=AkS(  STR  FS  S  ( I"  .  ?  )  )  /  (  C .  M  J'  T  Y  p  F  )  +  s  JRP  SS  (  M»  1  )  xsS  T  M  (  ALvl)  /r.(lS(  A I  .11  ) 
SHF  *\P  (  M  )  =Swp  art  :  (  (  l  .  0  -  F  J  1  (  MJVP|  .  t  )  it  S  T  R  J  )  -:==■=?. 0  ) 

pnis(M)=o.o 

PR  INI  3010.  M . XCP ( M ) *  YC P ( M ) , A NO, I  ( MTYPP )  , ( s  TR F  S S ( M , M ) . 
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M=1  t?)  , 


HULK  (M  )  ,  SHr- A»  ( M  ) 


1 

HOC  CI'OHmiiF 
R  F  TURN 


C  $  *  sjc  .".s  - * 


1  UOO 

I  nos 
1  010 
mis 
l  o?o 
10?? 
10?s 
?000 
?nos 
?oio 


FORMAT 
FOR  MAI 
FUR  l- A  1 
F I )  k  M  A  1 
FORMA  1 
FORMA  1 
FORMAT 
FOR  <A  1 
FORMAT 
FORMA  1 


1 

? 

3 

ft 

S 

b 

?0?S  FORMA  1 
?030  FORMAT 

1 

?03*>  FORMAT 
?  03<S  FORMAT 
1 
2 
3 

?037  FORMAT 
?0ft0  FOR.  i  'A  T 
?  Oft  S  FORMAT 
?0b()  FORMAT 

?oss  format 

?0<S0  FORMAT 
? OCS  FORMAT 
l 

? 070  FORMA 
?()H‘j  format 

) 

? 

3 

A 

5 

ft 

7 

?0R0  FOR /'AT 
I 

? 

3 

?CH?  FORMAT 
?09S  FORMAT 
3000  FORMAT 
T 
? 

3010  FOyMA 1 
soon  FORMAT 
SOOS  FORMAT 

l>#  *•#  «’#  .*•  %  •  V# 

»,|  T*  v  •,«  V  A* 

999  f,lOP 
F  NO 


:.<  *  *  :?  «  * *  $  *  *  y  :'f  :Jt  <:  *  *  *  *  y  y-  $  $  $ *  * y  *  *  y 

(  IF  Aft  ) 

(  1  ft  1  S  ) 

(  P  F  1  0 . 0  ) 

U4, Flo. ft, HO. 0,  ft  F10. ft) 

(  I  ft  .  ft  F  1  n  ,  ft  ) 

( Ift,FlO.?.?Fb.?,ftF10.?,?F5.?) 

(  I  S  .  ?  F  1  ).?) 

(  1 H 1  ////  ) R  A  ft  ) 

( ? 1 H 0 T O T A L  MO.  LLFMFM1S  =Ift  / 

(  ?7F‘0"iO.  R  E  S  TL*  A  I  i-i  F  I)  NfiO-S 
?  7 MO.  O  T  f;  F  1  R  F  O  !  \A  A  T  F  R  |  A  t.  S 
01).  COM  STRUCT!  ON  LAYERS 
00.  T  I  BRAT  TOMS  PFP.  |  A. V F R 
M 0 m |  J  M FAR  CODE  I  0= LINEAR, 


?7l< 
?7H 
ft9H 
ft90 
ft  9  FI 


?1M  total 

=  I  ft  / 

=  Tft  / 

=  Ift  / 

=  1ft  // 

1 “MO ML  1  OF AP  ) 


NO.  NODES 


Ift  ) 


/ 

/ 

/  ) 
/  ) 


-  |  u 

MATERIALS  THIS  com  OR  OVH  A:>  F  0  1  *C.fjMT  I  Ml  1 1  T  T  F  s-  1ft 

CODE  FOR  PUNCHING  F  IMA  |_  STRESSES  (0  =  M0,1=YFS) - 1ft 

(  ?3O0M  ATFR  T  At.  PROPERTY  0A1A  //  1 7  M  OMITS  COM  ST  AMT  -  FR.ft 
MODULUS,  1 3X, TftH  POISSON  RATIO  / 

390  MATL  liilll  WT  CONST  AMT  EXPONENT  I)  ,  9X  ,  1  HP, ,  oy  ,  1  HE  /  ) 
(  ft  WHOM  AT  I.  C  PHI  FAIL. PAT  10  MINI  1  N  (  1  =  YE  S  )  /) 

(  )  9H0i>|  SCfV'iT  1 1  HI  IT  Y  DATA  //  1  A  H  OMIT  WT  WATER  =  FR.ft  // 

SO  M  A  T  I  ,  F  X  »  ?  r  I  C,7X,33M  pi-*l  JT.  ANCLE  INTACT  KM  , 


S  1  H  1  NT  ACT  K  S  TEMS.FA  1 1_  .KM  +  KS 
1  1  H  I-  A  1  L  .  A  T  1 1 )  /  ) 
(lb,3E10.?,ftFlb.?,?Fin.?) 

( 1 9 1 1  T  NODAL  POINT 
(  39H  1 'MD|)A.L  POINTS 
( 1 ?h  MODAL  POINT , 

(l?H  MOO A I  POINT, 

(1?H  MODAL  POINT, 


SHEAR  fail.  KS  EXPOMFM T 


I  SOM  1 
SOH 


L-LH-FH  ARRAY  + 


ARRAY  //  ?5H  iMP  X-ORD 

WHO  GEOMETRIC  RESTRAINTS  /) 
1ft  .130  CAM  M(|T  MOVE) 

Ift  ,330  CAM  MOV t  ONLY  IN  THF 
Ift  ,33m  CAM  MOVF  ONI.Y  IN  THE 


Y-URD  /) 


F 


I 


PT 

K 


WHERE  HRFSSFS  ARE 


I  (M5,?F10.3) 


(  3301 
33H 
33  H 
330 
330 
33H 
33o 
3  3  1-1 
(  ?  «  H  0 
ft  So 
SOM 


SURFACE  FLFVATIOM 


I  N  1  T 
I  M  1  T  , 
1  oi  T 
I  MI  T  . 
RATE 
I  M  I  T  . 


SIG-1 
SI  G-3 

PR  I  or.  1  P  AL 
PRIM.  STR 


STRESS  AT 
STR ESC  AT 
STRESS 
A  MG  I  F 


fi‘ 


i  T  P  F  S  S 


L  NATL 

OF  MESH 
Rope  ACE 
SURFACE 
»  a  T  1  n 
( MEG.  ) 
DP  P  TH 
CENTER 


IfC.R.  W 
SIG-1  Hi  opem  img 
RADIOS  OF  OPEN  IF' G 
INITIAL  VALUES  IF  ELEMENT*  // 
ELF  X-ORD  Y-opd  EL  AS 

SHEAR  ,-OD  POISSON  S1G-X 


X-ORI) 

F  1  0  .  ? 

Fin.? 

F  1  0  .  ? 

F  1  0  .  ? 
FID.  ? 
FlO.? 
Fin.? 
Fin.? 


Y-niRFCTTON) 
x-nrREc.1  ion) 
EVALUATE 0  // 
Y-ORD  /) 


/ 

/ 

/ 

/ 

/ 

/ 

/ 

/  ) 


“•’on  hulk 

SFG-Y 


MOD, 

T  All-XY , 


?0-‘  SIG-1  *1G-H  /) 

(  I  S  ,  ?(-  m  .  3 . 7  X  ,  ?AH  1-n  !  1 1  SC'  '►IT  1  Ml  1 1  T  Y  ELEMENT,  7 X  ,  5 F  1  0 . 3  ) 
( IS . ?F 1 n. 3. 3F i 0. 1  .ftF 1 O. 3  ) 

(  3  -o*  1 1)  I  SCoi'i  T  )  i>i  1 1  T  Y  FLF'rNl  K  I  T  1  A  L  VALUES  // 


n]o 
?  ft  H 


FLr 
T  A 1 1 


X-ORD 

KM 


(  I  S.‘)F  HH  )  ,  ?  r  in,  1  ) 


y  -i  it.-  n 

K  S  /  ) 


A  iv  G  L  E 


SIGMA 


(  1  70  '•  .o. 
(  3?o  WAN.) 


.  R  ROR 

I .  i  T  O 


,  N 

TOO 


=  Ift  ) 

LARGE 


AT  FI.F^FN  T  1ft) 


^  •"  v  V  V  Y  -l:  V  5  • >':•  V  • ;  -  V  *  C-  s,:  )J:  i;  v  v,s  £  >J:  y:  v,’: 
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SUKKOIU  1M-  LSS1IH 

r.f  I  Ml  )M  /INI  T  /  HH)  (  1  R  )  ,  Ml  JMFL  T  ,  MIMNP  T  »M.H)  I  N  i  »  NPIINCM 
COMMON  /NPFL/  NPN(  275  ,  <S  )  ,ORD(  300,  2  )  ,  XCP  (  275  )  ,  YCP  (  ?75  ) 

COMMON  /NPHC/  E X ( ROO) , F Y ( 300 ) , NUMRC , NRC < 100) ,NF!X( 100) 

COMMON  /HANS/  MRANI>,MIJMRLK,R(  10R)  ,A(  10H,54) 

COMMON  /COT1  /  N  |_  A  Y  ,  LM.NOMEL  ,  NCO  T  ,  MOMNP  ,NPS,  NIJM  I  T  ,  II 
COMMON  /COT?/  NFL ( 5« ) .NNO( *0,5 ) 

COMMON  /  M  A  T  1  /  Ml  L  K  (  ? "'  5  )  .  S  H  L  A  R  (  ?75)  .POl S( 275) *OAM (  10)  ,  MONL  I N 
COMMON  /MAT4/  C.l  (  1  C  )  ,  PH  1 .1  (  1  0  )  ,  Ahr.J  (10),6JT(10,M  ,NJT  ,OAMW 
COMMON  /STMS/  STRFSSI ?75.3) ,  SIGCL  .»  AMUS 

COMMON  /LSI  1  /  S(  10,10) , S  T ( 3 , 1 0 ) » C ( 3  » 3 )  ,P( 10) ,NP(4)  ,VOL, ! , J,K 

C  *1-  r  S  v  ^  if  if :,s v  $  *.!  ■■  -i:  if  'I'  sis  if  V  V  $  #  *  if  i;;  5r  if  Y  Y  &  V  if  Y  Jr  Y  if  Y  Y  Y  £  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  sj; ^  ;;; 

C  RFVERSF  RNUNOARY  STRESSES 

IF  (IT  . 0  T .  1  )  00  TO  ?00 

CALL  FXCAV 

C  *  V  4 V  Y  ”•  M  4  4  4  Y  Y  *  Y  Y  Y  if  Y  Y  Y  Y  if  if  Y  Y  Y  Y  Y  if  Y  Y  if  Y  Y  Y  Y Y  Y  Y Y *  if  it  if  5;:  Y  if  Y  Y  if  if  :;s  Y  if  if  :|s if 

C  IMITIAI.I7F  RLOCK  CONSTANTS  AND  STIFFNESS  ARPAY 

0  Y  Y  4  Y  v  Y  4  Y  Y  Y  Y  4  Y  Y  Y  Y  Y  Y  Y  Y  if  V  if  ff  Y  Y  Y  Y  Y  Y  Y  if  it  if  it  Y  Y  if  Y  Y  if  Y  Y  Y  Y  Y  Y  Y  if  if  Y  Y  Y  if  ;f  if  if  Y  if  Y  Y  if  Y  y  Y  y  if y  if 

?00  REWIND  > 

N  H  =  2  7 
M|)=  2*NR 
N  D  ?  =  ?  *f  N I ) 

NOMRL  K  =0 
00  210  N=1,M|)? 

H  (  M  )  =  0 . 0 

ON  210  M si, MR AND 
210  A ( M , M ) =  0 . 0 

■C  v  Y  *  if  if  if  if  if  if  if  if  if  if  if  i  if  if  if  *  if  if  if  if  if  if 5*  >|:  if  j,:  *  *  if  if  *  if #  if  #  1;:  *  *  if  if  if  if*  if  it  *  if  *  * if  *  *  #  ^  if  *  :;t  if 

C  FriRM  S1IFINFSS  MATUJV  jn  PijiCKS 


C  V  V  if  5|:  if  :!< if  if  *  )'.s  #  if  if  if  if  *  if if  if  # if  s;:  jj;  %  s f  if  ;,t  if  if  if  if  #  -,f  if  if  if  s;: if  *  s|:  #  if  i|:  >;t  -.f  if  :;t  # 


300  Ml IfiRL  K  =Nl  iMRLK ♦  1 
NHrNR>;-.(  MOMRLK  +  1  ) 
NN  =  I'|H-MR 
NML  =  iv  r<i  —  im  p  +  1 

K  SH  I  F  T=?YlvllMI.-? 


C 


no  44  0  Ns],  I' . .  F  l_  T 

KM  I  N=(<  I  NO  (  NPM  (  N.  1  )  ,NPN  (  N  ,?  )  ,NPN  (  M  ,  3  )  ,NPN  (  N,4  )  ) 

IF  ( K  m  J  |V|  .lt.  NNI.  .OR.  KM  I N  .OT.  MM)  Of)  TO  440 
IF  (  NPN  (  N,5  )  ,|T.  M.injNT)  CALL  ISOOAO(N) 

IF  (-vON  ( i'  ,  b  )  .  (;e.  |m  Jf  1 1  M  T  )  CALI.  JTSiIF(N) 

C  •••  -*•  v  i'  •• !  * :  :i:  :i:  :i: 1’:  'f  if  if  *  if  if  if  if if  if  5;;  :f  :f  :f  !|S ;;;  if  ^ ;;; ff  jj.  S|.  o.  ... 

C  1.  AON  F  L  P  m  F  N  T  STIFFNFSS  T('  TOTAL  STIFFNESS 

C  *•'  4  Y  Y  :i: •,!  V  :  :  V  J,s  if  :,s if  \f  ;;t  i‘.  i  j;:  :f  if  i:  if  if  if  :f  J|c  if  5;:  if  3*  jj; if  ii  if  if  ^  if  i’  if  jj. 

no  440  1=1,4 

Dll  440  K  =  1  ,? 

I  I  =2*iMPn(M,  !  )-?  +  K-<  SHIFT 

K K  =  2 *  I -2  +  K 

R(  I  I  )=P(  I  I  ) +P ( K K  ) 

00  4  40  J  =  1 , 4 

00  44Q  L=I  ,2 


vl.l  =  2  YNPN  (  N.  j  )  -  7+L-I  I  +1  -K  SHI  ft 
L  L  *  J-?  +  1. 

If  (  u  . l e .  0)  on  to  430 

IE  (Ml)  .OF.  J.I)  oil  TO  4 ? 0 
PRINT  1000,  MRAMO.N 
CALL  EXIT 

A  20  Mil  ,  .1.1  )  =  A  (  I  I  ,  .1.1  )  +  S  (  K  K  ,  LI.  ) 


?RR 


4  30  CMwllMiJF 
440  C.MMlIMK- 

^  ^  5 '  -**  *"*  '•*  *»*  *•'  •>  . ^  X:  *  *  *■'  ••  *  *  *  X*  *  Xs  X:  X:  ^  s|:  •!•■  V  if  ft  ft ft  ft  *  ft  ft  ft ft  ft  ft  ft  ft  s;c  ft  ft  ft  ft  ft  :;.  ft  ot .., ..  ft ... ....  * 

^  C 1 1  M  T. .  H  l»  CHS  If'1  MCH  HI.Hf.K  ,  F- 1. 1  H  f  M  A  f  (f  RFSIOIIAI.S 

C  *  *  *  s*  ft  *  if  If  *  *  ft  *  ft  *  ft  ft  ft  ft  ft  ft  ft ft  ft  *  ft ft  ft  *  ft  j;;  ft  „  3 ,;. ...  „  ...  ,;r ... ... ...  ... ... ,..  ... ...  *  ^  ...  ^  ^  ...  ... ...  #  ^  ^  ^  ^  ^  ^  ... ... ...  ^  # 

DO  b00  N  =  Nl|\fl.  ,  fvM 

K  =  ?  *N  — K SH [ FT 
F I )  R  X  =  A  R  S  I FX ( M )  ) 

FORY=ARS  (  FV  (M  )  ) 

IF  (  FOP  Y  .  0  T  .  (  1  OOO.-f-HRX  )  )  FX(M)=0.0 
IF  (FORX  .  0  T  .  (  100n.*FfH<Y  )  )  F  V  ( t\i  )  =  0 . 0 

B(K)=B(K)4-FV(n) 
bOO  H ( K - 1  ) =R ( K-  1  )  +  F  X ( M ) 

C  ><«  V  ft  ft  ft  ft  ft ft  ft ft ft.  ft  if  ft ft  if  ft ft  $ ••• : ;  ..  ... ... ... ... ... ...  ...  . . . . . .  . . .  , 

’  . . . .  •••  ’•  -  -  V  V  V  V  If  if  if  if  *  ft ft  if  if  if ft  if  ft  *  ft ft  •.;: ft  if 

C  3.  MiiiiIfy  STIFFMFSS  FOiia.TIOM.S  FOR  milJMOAtfV  f.OMS  T  0  A  I  Nf  S 

C  *  *  V  ft  ft  *  *  *  ft  X*  *  *  *  *  *  *  *  =••  W  *  M  *  *  ft  *  ft  *  =■••  ft  *  *  ft  ft  V  *  ft  if  if  if  if  if  if  if  if  if  ft ft  v  ft  *  *  -  *  ft  -  3  3 3  ,,  3  3  #  ,f ... 

on  fib o  r  -  i  flMi)(/,pr. 

IF  (MRC(Fi)  .LT.  Mi'lL)  Ofl  TO  hbO 
IF  (MMC(M)  .  0  T .  I'M)  r,n  TO  bbO 
M  =  ?*NMC ( F  )  —  1  — K SH I  FT 

IF  (MFIX(Fi)  .to.  0  .rm.  r  F I  X  (  M )  ,F0.  1)  00  TO  4?0 

ft  10  IF  (NFIX(M)  .FO.  O  .OR.  MF  I  X  ( l« )  .RO.  ?)  m=M+1 

ft?0  00  bhC\  MN.  =  ?,MRAiMO 
KK=N-MM+ 1 

IF  (KK  .LF.  0)  00  TO  ft 30 

A (KK. MM) =0.0 
ft 30  K K  =  N  +  M M  — 

IF  (M»?  . LT .  KK)  00  TO  ft40 
A(M, MM) =0.0 
ft 40  COM TIMOR 
A ( N  ,  l  )  1.0 

B ( M ) =0.0 

IF  (MFIX(M)  .FO.  0  .AMD.  N  .FO.  ( ? *MRC ( M ) - 1 -K SH I F T ) )  00  TO  ft]0 

ftbO  COM  I  AM  IF 

C  *  V  «  *  X:  *  *  ft  *  *  ft  ft  *  ft  *  *  ft  *  *  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  : :  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ...  ft  ft  ft  ft  ft  ...  ft  ft  ft  . .  ft  ft 

^  WFITF  KLOOK  1 10  TAPF.MOVF  0^  I.IiwRR  RI.i  iCK  « CHFCK  FDR  I  AST  FI  OfK 

. '' *■'  "■  "  * ■"  "  V  v  ,  l  'V  V  v  v  *  5f:  if  if  s'.:  *  s';  *  if  $  if  ft  s.t  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft 

700  HRI1F  (4)  (  R  1 1*1)  .  (  A  (  M.M  )  ,M=  1  ,MRAM) )  ,|si=  1  .Ml) ) 

00  710  M=1,MI1 

K  =  M  +  M) 

B  ( iM  )  =  R  (  K  ) 

R(  K ) =0.0 

00  710  M=],  MR  AMI  I 

A  (  M ,  i"  )  =  A  (  K  ,  M  ) 

710  A  (  K  ,,.. )  =o.  0 

IF  IK'F'i  .LT.  MIMMPT  )  00  TO  300 

RF  Town 

C  v  if  ft  ft  *  ft  ft  ft  ft  ft  ft  ft  ft  ft  * -  ft  ft  v  ft  *  ft  v  v  ft  ft  ft  ft  ft  ft  V  ft  *  ft  *  *  «  -  ft  -  -  * ..  ft  *  ft ... .. .. ..  ft  ft  ft  ft  ft  ft ft  ft  ft  ft .. .. ... ,,  ft 

1000  FORMA)  (  )  Vi  “AND  v'IDTH  =  l4,?nt-l  F X 0 F F 0 F 0  AT  F L F M F M T  J4) 

C  if  if  if  if  if  *  V-  S,:  «  s;c  «  »  =:••  S  -.  s,-.  »  *  »  sS  *  s;:  «  *  -I:  *  *  s;:  «  V  =.:  «  V  s;:  V  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ... ....  3  3  ft  ;S  ft  .... ... ...  ,,  ...  ft  .... ... 

FMO 
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r>  r>  n 


1 


C*’ 

C 


siiRHoin  [ Mt-  .n  s r i h ( a  ) 

C  «  S' #  S' S' S' *cs.- S' S' S' S' S' S'  Sc  Si  S'*  S'  S' S' S'  S' S' S' V  4  S' S' S' S' *  S' S' *  V  S' S' **  S' S' S' S' S' S' S' S' S' S' S' S' S' S' S' S' s1' S' S' S' S' S' S' S' S' S' S' S' S' S' S' 
COMMON  / rM ►> h  L  /  npm  (  ?7b,4  )  .IIRIK  300,2  )  .  XC  p  (  ?7b  )  ,  VC  o  (  ?  75  ) 

COMMON  /CUT  1/  N  L  A  Y  *  L  M  t  N 1 1  •'  E  L  *  N  C  ( )  T  ,  NDMNP  ,  NP  S ,  NIIM  I  T  ,  IT 

COMMON  /f.OT?/  MEL  (  4H  )  ,Nfi|)(  50.  h  ) 

COMMON  /M  A  T  1  /  WIILKI  ?lb)  .SHEAR  (?7S)  ,  PO I S ( 2 75 ) , G AM <  10)  ,  MINI  IN 

CIIMMON  /(.ST  1  /  S  (  10,10)  ♦  s  r  (  3  *  1  0  )  ,C(  3,3  )  ,P(  10)  ,HP(4)  ,VOL,  I  ,  J  ,  K 

0  I  MENS  Pin  a  a  (  u ,  4  )  ,  tw  (  ?  ,  ?  ) 

OAIA  AA/?,,|  ,  ,-]  |  l,,?,/ 

.r  1-  -r  f  -r  ••..  -r  S-  sc  J.C f  s= S«  V  S=  S'  S'  S'  V  S'  Sc  V  S'  Sc  Sc  Sc  Sc  V  V  -V  S'  Sc  sc  Sc  -V  Sc  S:  S'  S<  Sc  S=  Sc  Sc  Sc  Sc  Sc  Sc  Sc  i.c : :  Sc  S:  sc  Sc  sc 

INITIALIZE  CEOi.'PyPY  AMO  PROPERTIES 

C  SC  S"r  -r  -.c  S!  SC  SC  S= S'  S=  cl:  S'  SC  S=  Sc  sc  S=  S'-  -V  S'.  S'-  S=  S'  sc  S'  V  S'  S'  S'  S'  S<  S'  S'  S'  Sc  S'  S'  S'  S=  S'  *  S'  S=  S'  S'  SC  S'  S’-  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  Sc  S'  S'  S'  S'  S'  S'  S' 
I  =f.  PM  (  N  ,  1  ) 

,I  =  NP.M  (  N,  ?  ) 

nx=ouii(  j,  1  )-owo(  1,1) 

l)Y  =1)0  1 )  (  .),  ?  )  -I  IK  I)  (  I  .  ?  ) 

0|.  =  SOR  T  (  nxscnx  +  nysctiY  ) 

S'  S'  •'  C ...  S'  ■'  SC  S'  s:  Sr  S'  sc S'  S'  S'  S'  S'  Sc  S:  S'  S:  S=  S'  sc  S'  sc  S'  S:  S'  S'  S'  S'  S'  S'  S'  S'  V  s;: S'  s'  S'  S'  S’-  S'  S'  S'  S'  -f  S'  S'  S'  S'  S'  S'  S'  S'  :;c  S'  S'  S'  S' 

SET  HP  ST  IEENE^S  P  LOCAL  CPOPOTNATE  SYSTEM 

S'  S'  SC  S'  S'  S:  SC  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'S'S'S'S'S'S'S'S'S'S'S'S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S' S' 

no  ion  11  =  1  , ‘R 
p ( 1 1 ) =0. n 
1  »o  100  JJ  =  1,M 

100  s  (  I  I  ,  ,|j  1=0.0 

r 

IF  (MPN(M,M  .ME.  0)  CO  TO  150 
on  1?0  MV=  1  t  ivflM  E  1. 

IE  (IM  .EO.  Li  E  I.  (  Ni«i  )  )  00  TO  130 

l?o  CONTINUE 
Oil  TO  1^0 
1  0  NPlM  {  I'l  ,  b  )  =  l_N 

SHEAR ( N ) =0 . 00O001 
KIILK  (  M  )  =0.000001 
150  C K  S  =  S H  E  A R  (  N  )  sc 0 / 0  .  O 

c  K  •  =  ►■»  I  I L  *■'  (  ''■  )  1  - 1  M  /E>  .  o 


nil  200  11  =  1,4 

I  5  =  2*1  1-1 

I  IM  =  ?  S*  J  I 

DO  200  J,|=  1  ,4 

.IS  =  ?#J.I-1 

,1  M  =  2  S' ,  | ,  | 

S  (  I  S  .  ,|S  )  =r.K  SS'A  A  (  I  I  ,.1.1  ) 

200  S  (  I  I>I ,  .III  )  =C  K  .S'  0  0  (  T  T  .  ,|,|  ) 

I  E  (  IIV  .PM.  0.0)  U  P  Tl  IP  i'l 

0 •  . . v  *'■  v *  *  *  * *  S'  S' SC  S'  :r  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S' 

C  ROTATE  ST  I  E  E  im  p  5  S  TO  'I.ORAL  COORDINATE  SYSTFM 

(-  v  '■  *"  ",1  >J : !  v  v  v ~  :f  S:  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  *  S';  S=  S'  Sc  ■*  S'  S'  S'  SC  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  S'  -  f  S'  S'  c|s  S'  S'  S'  S' : S'c $  * 

TW  (  1  ,  1  )  =IIX/|)| 

TK  (  l ,  ?  )  =0Y  /111. 

IP  (  ?  ,  1  )  =-OY/i'L 

TR ( 2,  ?  )  =nx /f )|. 

00  4  >>n  mm=  1  . 4 

on  4]o  I  I  =  1  ,  » 

.1  l"?ccf.  n-i 

T  p  M  P  =  S  (  F  I  ,  .1  I  ) 

00  410  KK  =  1  ,2 

s  (  I  I  ,  J  J  )  =  TEMPS' JR  (  1  ,  KK  )  +  S  (  I  I  ,  ?S'NM  )  S'  T  R  i  ?  ,  K  K  ) 

^•10  J  1  =  J  ,1+  T 


1*-MP*S(.I  l»1I) 
nil  4?0  K  K=  l  ,  ? 

S(  JJ.  I  I  I  -  I  r-MPwTH  (  1  ,  K*  )+S(  ?*Np', 
'«?n  j.i=ij  +  i 

'*40  Cl  IN  1  INI  M: 

Rl  TURN 

*•*  '•*  **'  *•'  *1*  *>*  *1*  *»•  *1*  'i*  *i*  V  *|*  *»•  V  *•»  *i*  V  *»*  *|»  »,*  V  *(•  *.»  v  v  *i*  V  *i»  V  V  *,»  *•« 

l-NI) 


27] 


si  It' 4 1  U  i  j  I  I  t  Mf  .'V 

(*  if  s|:  s;:  if s;s  :£  £  if  sis  sf  sjt  $  $  * :,:  if  if  if  if  si:  :,:  :;:  s^  s;s  if  if  v  sis  if  X=  £  *5*  if  #  *  $  £  #  Xs  #  #  $  Xf  #  Xt  *1*  £  £  Xf  Xs  Xs  Xs  ♦  ♦  X* 

CPMMPM  /  I  M!  T  /  “(- 1 1  (  1  H  )  ,NI)fi  Fl.T  ,MH"»MPT  ,M.H  i  I  MT  ,  NPilA'O 
CMMMriN  /MPt-L/  NPN(?75,M  ,n«0(30nt?)  tXCP(?75).YCP(?75) 

Cl »f«MI)N  /NPMC  /  FX  (  300  )  ,FV  (  3P0)  ,M!IMHf.  ,MPf.  (  100)  ,1'lF  I  V  (  100) 

COMMON  /CM  T  1  /  ML  AY  ,  I  M.Mfl^EL  »  NCI  IT  ,  NflMNP  »  M  P  S  *  Ml  JM  [  T  »  I  T 
COMMON  vrnr  2  /  *- 1  (  M  )  ,Mhh(  to,  5  ) 

CI1MMI  l.'l  /MRS/  STRFSS(275,3)  .SlfiCI  ,RAMIIS 

ni mfms jn.M  u)  ,r.Fi^,4)  »swn,HP),yYi?,4)  ,F(?,4),7  (3.4) 

c  IMITIAU7F,  SFl.FCl  M.P.  +  C.PRR  F  SPPNP]  MO  T MT FR PPL AT  I  PM  FLFMFMTS 

0  sji  3J;  if  if  if  if  if  3js  jJi  • , •  :1s  if  if  sis  s,: ™  sis  :1s  i,-  » *  -,i  sis s.s  if  s,s  if  if  if  if  *,■  if  *•»  s': » ;  if  if  if  s,s s  : -f  *  X*  xs  *,»  *,*  *,  ■  "I”'  • v  Xs  *•'  *1*  v  *,*  *i*  *•*  '■*  * 

IIP  ion  0P=1  ,  NIIMNPT 
FX  ( IMP  )  =0.0 
ion  fv  (imp)  =o.o 

c 

np  350  JMP  = ) ,  MPS 
(>i  P  =  Ml  ll)  (  .IMP  ,  1  ) 

Mill)  =  Nr  m  (  i  o ,  2  ) 

IF  (Pill)  .to.  O)  on  Til  3bO 
Mil?!  )  =MP|5  (  .IMP  .  3  ) 

MI  (  3)  =MPIK  .)NP,4  ) 

Ml  (  4  )  =  M P (1  (  ,)MP  ,  5  ) 

r  #  i-  ;jt sis *  5.  if  ;|s  if  :|s  s;s  if  if  s|s  s|t  if  if  :|s  if  if  if  if  s|*  X<  if  if  s|s  *  X=  sit  *  *s  if  if  Xs  if  Xs  if  if  Xs  sis  if  X*  if  s|:  if  if  if  if  if  if  if  #  *  s|s  s,t  if  *  *  Xs  *  s^  s|t  s|s  if  if  s|s  if 

c  SF1  FLFMFWT  CimPP.  MATRIX,  THEM  INVERT 

0  X".  if  X:  sjs  s|:  s|i  s|;  if  if  s|:  if  if  :|;  s,i  if  :|s  s,s :|:  v  if  X1  if  if  if  X!  X:  X:  V  if  V  if  Xs  X:  if  s;s  s|s  if  if  :|s  s|:  if  V-  if  If  if  Xs  *|s  '->1  if  if  if  If  Xs  a!- si*  Xs  if  if  X's  Xs  if  5r  if  X*  'll 

on  poo  nm=i,4 

MVirfiJ  (  r  \  ) 

OF (MV, 1 )=1 .0 
0  F  (  Aim,  7  )  =  X  C  P  (  Mr-  I 
o ( mo, 3 ) =vr  p ( mm > 

?00  Cp  (  ('IM,  U  )  =xr.p  (  M  -  )=  VCP(MM) 
r. 

Dp  2P0  m  = 1 , A 

C  =  CF  (|  ,m) 

IF  (i)  .to,  n.o)  pr  1  i'i t  ^non,  wo 
til!  ??o  J=l,4 

??o  c  f  (  M ,  ))=-r.F(M,.i)/o 

IIP  ?40  1  =  1,4 

IF  (M  .FO.  I)  fill  TP  ?50 

I'P  240  .1=1  ,4 

IF  (M  .FP.  J)  fill  TP  240 

r.F  (  I  ,.!)=(  F  (  I  .  .1 1  +  f  F  (  1  ,1)  *0 F  ( •'  ,.l ) 

24  0  r.PM  T  1 1  Pt 
2  40  0 F (  I  , M ) =  0  P (  I  . x  ) / n 

?wo  cm  n,  m  )  =  1 .  o/n 

0  s's  if  s;:  ss  'if  s)s  if  s!s  ^s  if :,s  'if  if  if  sis  s‘,s  sjs  s|s  s|;  ;!s  if  S|S  si",  if  s‘,t  s,s  s)s  sjs  sis  sis  sj:  s',;  sis  ;;s  i’f  sis  sjr  sis  if  if  if  if  s;s  sjs  s',s  s,s  s,s  s,s  sir  sis  s,s  s.s  s,s  if  s,s  s,:  s,s  s,s  if 

C  CP  'PI.*  IF  T'mTFRP  C'lFF  MATRIX,  THFM  i'l(  PAL  ST»I-SS  MATRIX  FPR  MP 

Q  s,;  :‘,t  :|x ^  ;|r  :|s  i\i  :;s  ;|s  sj: 5jc  ;|c  #  x,t  5js  v  *r  ^  &  3ic  s»*  #  5|s  sjc  sjs  V  sjs  sjc  x,*  5|t  :,c  'fi  s*t  ^  5»i  5.J  s.c 

nil  3P  0  KK  =  1 ,3 
rif'  300  .).'  =  !  ,4 

AM  KK  ,  .1.1  )  =0.0 
fill  300  11  =  1  ,4 

M  .'  =  MI  (  I  I  ) 

300  A  4  (  K  k  ,.l.l)=AK|K-(  .  .1.1  )  +C  F  (  ,1.1  ,  I  I  )  #C  TP  (»•••**  .KK  ) 


HP  320  .(.(=  1,3 

yx  =  ll«i)(MP,  1  ) 
vv*P4it(  MP  ,2  ) 

3  20  Vi  (  J.l ,  .<MP  )  =  A  w  l  .) .(,  1  )  +  AM  .1.1 , 2  )  *XX  + A  M  ,1.1 , 3  )  *  v  V  +  AM  J.l  ,4  )  *  XX*  YV 
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350  (  l  II-  ]  I  i  'llf- 

£  *  "  *' "  '■  'f  v  J,:  v  v  i,: * 4;  *  * *  *  *  * *‘5  * *  *  *  *  =•  *;= v  *  *  v  *  *  * *  *  *  * .7  *  *  *  -  *  *  * 

^  F  1  f*fc(iw  ( 1 F  [  xc  Flf,  Tmfm  compute  fouiv  1>  FORCFS 

'  . ’ . . . -  v  i,:  *  V  •"  #  if  if  *  if  if ifififififtf  *  if  if  *  :;t 

PR  INI  I  OO-*) 

DO  A50  .IM_  =  1  ,  Mf.UT 
M i\i  =  M p l  (  JF-L  ) 


C 


Ofl  A  10  l-.'r  1  .  4 

I  r  M  pi'.1  (  Mf,(  ,  M  ) 

MM=M+J 

I  F  ( MV  .  f-n .  5  )  mm=  1 

J  =  MPM  (  MM  ,  MM  ) 

XV  (  J  ,  M  )  =|  |U  0  (,|,1  )-||Qf)(  J,  ,  ) 
XV  (  ?,rt)rii»D{  I  .?)-nw>(.|,?) 
Of)  AO0  J MP-  1  ,  MPS 
MP  =  MOO|  Jl.'p  ,  1  ) 

IF  (WP  . FO.  1  )  GO  TO  AO*) 

A00  Clli  'll  Ml  lg 
PR1M1  5000 
CALL  FXIT 

A05  00.  AID  J.|  =  ]  ,  3 
A  1  0  7  (  JJ  ,N  )  =SM  {  J  J  ,  ,|NP  ) 


1 

2 


0"  A?0  .1=1,? 

L=A 

no  a  20  1  =  1 ,  a 

K  =  I  +  i 

IF  (I  ,F0.  A)  K  ~  1 

F(J,I)  =  {  X  Y  (  3-J  .  L  )  *7  (  J .  L  )  +  ?.0*7  (  j  ,  j  )  *  (  XY(  3-J,L  )  +XY(  3-J,  I  )  ) 
+  x  Y  (  3- J .  I  )  *7  { ,| ,  k  )  i/A.n  +  (  x  y  {  j  ,  l  )  *  7  {  3 ,  l  ) 

+  /.0*7  (3.  I  Ivixvu.ij  +  XYU,  j  j  )  +  xv(j,n*7(3,*)  )M>0 


A 20  CIIMHMIIF 
C 


DC)  A 30  r  =  T  ,  A 
I y  =  NPM ( MM  ,  I  ) 

01)  A 30  Mr  I  ,  MriF/if.  p 


MPrMOOIM, 1 ) 

IF  I  I M  .ME.  MP)  GO  Tf)  A  30 
F  X  (  I  Li )  =  F  X  |  |  /•'  )  +  F  (  1  ,  I  ) 

F  Y  (  I  p  )  =  F  Y  (  1  f.  )  +  f  (  2  ,  !  ) 

PKim  1010,  MV,  I  r..t  (7  (  JJ,  1  )  ,.|.|sl  ,3)  ,F  I  1 
A  30  COM  TP  OF 
AbO  COM  1  I  M  IF 


1  )  *  F  (  2  ,  1  ) 


C«'»  -J.  *1.  M  .1.  .1.  .......  .1  ... 

*»*  ...  . .  .  *  ;  j  •;  ;;  :  ;  •  •  ...  ...  ...  .  ...  *  . ..  ...  ...  ...  .  ,  , 

r  r  .  r  ,  -  -  •-  -  -  *  v -  -s «  V  V  *  =:<  ^  *  «  );•-  *  *  i|t  v  *  *  s,;  -  *  *  ...  * 

c  F  ASF  Fi|P(,FS  PLACED  AT  F|i||i-iOAKY  P01MTS 

00  500  M PP= 1 , f MM kC 
Ofl  bOO  0=1  ,  .Mi  1  |\;p 


MPrMfiO  (  Ci  ,  ]  ) 

IF  (MP  .  i'F  .  NMC  (  MPP  )  ) 
IF  ( IMP1  X  |  .-'PP  )  .  F  o  .  0) 

IF  (MFlX(tvpP)  .tr,,  n) 

IF  ( MF 1 X ( MPP )  . F  0  .  1  ) 

IF  (MF|X(|M?P)  .  =f|.  p) 

500  comtimof 

PF  KIPM 


GO  Tn  500 
FX  ( .vp  )  =n.O 
FY ( mp ) =0.0 
FX ( MP ) =0.0 

FV ( mp ) =0.0 


*-*•*»•  «i*  5 


C  *  9  !;i  i;:  V  *  *  *  *  *•  ^  M  V  *  !.•-  ^  *  *  :|i  .'I:  .'It  *  S  *  *  *  *  if  *  £  -  *  *  j;c  $  :  _  ___  ___  __  ^  . . 

100b  FORMA  1  (bAHllMTFRPHLATFO  M.P.  STPESSFS  AMI)  RESULTANT  FORCES 


:  o*  V*  ^ 


a  l  r. 
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1  1  RH  l-XCAVAl  llh'i  FAO  //  ?»•«  FIF  HP  Sir,-X 

?  a?h  SFR-V  TAU-XY  X  — FOWf.F  Y-Fn»CF  /) 

1  oio  FHWMA1  (  ?  I  *> ,  Si- 1  y  ./»  ) 

4000  FMR'MAT  (4«JH07FR1I  OF  TFRM I M  ANT  IM  FXCAV  -  C  H  F  C  K  DATA  FllF  N.P. 
bOOO  FORMAT  (4RH  A^MW  T  IM  FXf.AV  -  PRORAPLV  FXCAVATION  INPUT  DATA 

£  <:  V  V  ~  •.<  $  ?.<  V  £  V  *:  $  V  *  $  *  ••;:  M  51- 

Foil 


14  I 
1 

$  if  if  tf  if  if 


v  '<*  *>■  '•*  *<*  'i*  v  *»•*  V  n*  *•’  *>•  v  V  v  *■*  t*  *<»  *1*  *r  •!’  *.*  •!{  *  v  v  v  v 


Sdpriiui  l  ml  i  soi i a i ) ( r-  ) 

C  ?: ;  ;  ?:  ?•  ?:  '■  V  V  if  -V ?:  ?:  ?i  ?!  ?:  if  :|!  ?: if  ::  if  ?!  ?!  ?:  : 

ro-  N*l  IN  /  I  ■'*  I  T  /  HED  (  1  H  )  ,M|f-  EL  T  ,  MiiMMPT  ,  M.IU  1  >t,mpiii>Th 

f.flNMIiN  /MPEl  /  NPM  (  ?7b  ,M  «npl)(  30D  ,  ?  )  ,  xfP  (  ?7b  )  ,  Vf.u  (  ?75  ) 

cn  I  IN  'CHI  ]  /  NL  AY  ,  LN  ,  I  i  Mb  I.  ,  tVfl  I  [  ,  MOr/.NP  ,  NP  S  «  NIJM  IT  ,  IT 

COMMON  /(.I  I  T  P  /  "'E  l  (  b«  )  .MUM  bO  ,  R  ) 

C  IN  Ml  IN  /MA|  1  /  BULK  I ?7  b ) , SHF AR ( P7b )  , PHI S ( P7b ) , MAM ( 1 0 l , NONL  I f ! 

CUMKIiM  /l  ST  1  /  S  (  1  0 , 1  n  )  ,  S  T  I  3.10)  « C  (  3 . 3  )  .  p  (  10)  , h P  (  M  ,  v  M 1. ,  I  .  J  .  K 

Cf  l  m  mi  in  /FTPS/  S  T  P  P  S  5.  (  ?  7  b .  .4)  .  S  1  C  (.  «  p  A  n !  i  J  S 

C  *  *  *  * • r  *  v  *  S  ?;  ?:  * :  = ?!  =•■•  ~  V  5?  ?«  «  ?=  *  *  ?'• ?!  if  ?:  ?:  ?:  ?:  *  ?!  ?:  * ?:  ?: ?: tf  ?:  ?:  *  *  S  ?:  ?:  ?:  *  #  ?:  i?  ?: ?:  ?:  ?:  if  ?i 

C  I M I  T I  A  L I / p  AND  FORM  S  TRESS-SI R  A  J  N  MATRIX 

C  *  *  "*•'  *  v  *  ?! *  *  $  ?:  ?'•  ?:  if  V  ?: ?« ?t  ?•'  ?;  ?:  #  ?:  ?:  ?:  ^  *  *  ?:  ••  •  ?•'  *  *  #  *  ?:  *  ?t  ?!  ?:  ••:.  ?c  i!  wv?  V  ?:  ?:  if  ?!  #  v  s;.  ?: ?:  ?':  !;t  ?:  it 

on  ion  11=1,10 

P ( I  I  ) =0.0 
1)1)  ion  j.  1=1,  in 
100  S (  I  I  , J J ) =0 .0 
VOL  =  0 . 0 
C 

IF  (NPNIM.M  ,f  F.  01  ill)  TO  lbO 

on  i  ?o  nm=i,nmmfl 

IF  (N  ,F0.  Nf-L(MN))  01!  TCI  130 
IPO  CON  f  I  omjf 
on  m  ibn 
130  NPN(N,M  =  LN 

BULK  l  M  )  -  ‘-III.  K  (  A  )  *0  .OOf.nn  1 
SHEAR ( N ) =  SHE  AH  (0 ) *0. OOOOni 


ibo  nn  i ao  ic=i  ,3 
DO  1/30  .If.  =  ]  ,3 
100  C( IC,  Jf  ) =  0 . 0 

C  11  ,  1  )  =KIII.K  (M  )  +SHFAP  (  N  ) 

r  ( 1  ,  ? )  =  mi  ilk  ( ►  i-fhfar  (mj 
C  (  ?  ,  1  )  =C  U  ,  ?  ) 

C ( ? , ? ) =C (  1  ,  1  ) 
c  (  3 , 3  )  =  SHf- AR  (  M  ) 

C  *  S-  *  *  J''  *  *  V  *  *  V  s;:  V  =;• «:  *  :.<  *  *  *  *  «  *  s;s  *  :,c  if  s;< *  s;;  v  ...  j.. ... 

C  FORM  10*10  OllAD.  STIFF'VFSS,  PFIIOfF  TO  P^R,  CALf.DI.ATE  ORAVITY  LOADS 

c  *••  =;=  S  S-  if  ?!  ?!  ?•■  •■;!  ?!  ?!  ?!  ?! ):■  ?!  V  if  if  if  if  ?!  if  ?!  if  :  :  if  if  if  if  ?;  ?;  if  £  ?-  j;:  ?:  j;.  *  .... ;;;  v  #  ..; ... .... ...  ..  . . .  t ...  ..  ... . .  j;. ...  ... ...  .. ... ... 

I  =  NPN  |N,  1  ) 

J=MP,N(N,?  ) 

K  =  M  PlM  (  M  ,  U  ) 

TAIL  L SIP (1,3,7) 

\ =N PM ( M, 3 ) 

,l  =  NPM  (  A1  ,  A  ) 

K=OPM ( M, ? ) 

CALL  (  S 1 P ( S , 7 , 3 ) 

IF  (VOL  .  OT  .  0.0)  GO  Tf)  POO 
OP  INI  1000,  N 
CALL  exit 
POO  Of  I  30n  K  =  1  ,  p 
I H= 10-K 
I  I )=  I  H  +  1 

DTI  300  I  =  1  ,  I  H 

s( i d, I ) =s ( i o.  i ) /si  j n. i n) 
nn  3oo  j  =  i  ,  i  m 

300  s (  j,  I )  =  s (  j ,  i ) -s ( .i,  ini *s(  in,  i ) 

RETURN 

C  ?!  ?:  *  V  *.!  ?:  ?!  ?:  ?!  ?!  ?!  ?!  if  ?:  ?!  ?!  ?!  ?'•  :|!  ?!  ?!  ?!  ?!  ?!  ?!  ?!  ?!  ?!  if  if  ?'.  ?!  j;!  ?!  ?!  ?*.  ?;  ?!  'if  ?t  ?:  ?i  if  ?;  #  ?;  ;;;  ?:  ?:  ?;  ?:  if  #  5;:  if  ...  ...  jj.  ... 

1000  EIIWMA.T  (3AH  /PPfl  DR  NEGATIVE  AREA  AT  El.f-MEI'T  IM 

C  ?:  ^  ?!?!<!<!  ?'  ?!  ?!?!?!?!:!!?!  ?!  ??  ?!  ?!  ?!  vt#!?  ?!  ?!  ?!  ?!  if  ff  if  if  ^  ft  if  if  ?!  if  ?:?!?!?“  ?!  ?;  ?!  if  if  if  jp  ?;  ...  j.  ?!  ?;  if  if  ?!  -.i  ^  if  g  ?.  ?.  ...  ?.  .j.  .j.  ... 
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EMI) 


Si  ikk  1 1||  1  |  h  h  L  S T  m ( i  ) , , n  3 ) 

r  ... •■'  *  V  *  M  M  •  V  s  c V  ••:=  *  *  *  #  * ::  *  v  *  «  »  *  -  *  m  #  S'  ss  S' *  S'  *  *  *  *  *  S'  *  «  si « >:•• *  *  *  *  *  *  **********  *  *  *  *  *  „ 

Osmium  /MUHL/  mmn(  ?7S,m  ,Opm< 300.7)  f  xr.P(?7*)  ,Yf  P(?75) 
r.i'hMriM  / l s t i /  9(10,10)  .sm.ioj  ,r.<3,3)  ,0(10)  ,MP(4)  ,vm  i  « 

hOdl  VAt  PA'Ch  (  UV  (  1  )  .1 1  )  .  (| )V  (  1  3  )  ,V  ) 

r  ft  ,  .  .  . *  **w*  ^  '•*'*'•*  *‘t  ',s  V  -»*  5,5  5,t  5,5  «j:  i|s  5,5  s|s  5j5  5|s  5,s  5,‘:  ij:  ;; 

r\.  ^  /Nr’"LA,?  ^LM‘‘R  1  fc'nn*»  PnFA'TS,  OCOMPTPY,  AMO  AOPA 

, !  )“=  ,,  ’  '  ::':'*V*VV!'r"  ::-«^:^!!'--»=.'S":'S'S«*************s**!!,1 

MlM  P_  )  sl>? 

AiP  (  3  )  =  V  3 

Wp ( 4 ) =U 
PA  (  1  ,  1  )  =rf  |R| )  (  .) 

PM  7  ,  ]  )  =1  IP  I )  (  K  , 

PA  (  3  ,  1  )  =HP|)  (  J  ,  7  )  —|  iwii  (  ,| 

PA  (  1  ,  7  )  si  IP  n  (  K  .  )  )  -I  k[|  (  ,| , 

PA  (  2  ,7  )  =i  |R  1 1  (  I 

n  \  (  3,  v  )  =f  |L>  i ,  ( 


7 ) -hRH ( K . ? ) 


7  I  -  ^  < » ( 


1  )  -  -R.»  (  i/ 
,  1  )  -'  i*  i  1  (  J 


7  ) 
7  ) 
1  ) 
1  ) 
) 


f.  >:<  * 

c 

C *  #  s< 


A.RPA-(OR|)(.),  1  I^AI  ?,  1  )  +DRO  (  1  1  ,  1  )  +04  0  (  K  ,  1  )*RA(  3, 1)  )/?  0 

fi-  (ARl-A  .  I.  b  t  0.0)  0(1  T  f  1  400 

VHl=Vni+ARFA 

*  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  v. ...  s  ...  *  ...  . . 

9M  ,.P  1PRMS  FMK  9TRP9S-STPAIM  AMD  ST  R  A  1  M-IK  SPL  ACFMFMT  ZV*  I  CFS 

. ; •"  "■  -  ~ v !  !  v  * *  *  *  * ^  *  •;«  *  *  *  *  *  *  *  *  *  *  *  *  *  „  *  v  *  *  *  *  *  *  *  *  *  * ... ... ... ... ,.{  ... ... 

ARPA4H=4R  ,  0  S'  A  K  p  A 

C 1 1  =  C  (  1  ,1  )/ahfa^*k 
r. i  ?  =  c  (  i  ,  ? )  /  aw  p  A4P 

(~1  3  =  f.  (  1  ,  3  )  /  A  P  P  A  4  w 
(  7  ,  ?  )  /  A  K  F  A  4  « 

C  ?  3  =  (’.  (  7  ,  3  )  /  A  P  p  A  4  P 
C  33  =  r  (  3 , 3 ) / AH  P  A4  4 


nn  ?nn  0  =  1,7 

"V  (  1  ,  1  ,  0  )r  H  A  (  1  ) 

• IV  (  ?  ,  }  ,  .1 )  =  K  A  (  1  ,  ) 

'OM  3,  1  ,  -l  )  =  PA  (  1  ) 

•IV  (  1  ,  ?  ,  iA  )  =  H  A  (  7  .A*  ) 

•  IV  (  2  <  ?  ,  M  )  =  u  A  (  7  .  i.  )  -  7  ,  0  S‘  H  A  (  3  ,  f.-  ) 

UV  (  3  ,  ?  ,  ■'  )  =-R  A  (  ?  ,  h  ) 

I  OK  ]  ,  3, 0 ) =  HA ( 3  .  •  ) 

MW ( ? . 3,0 ) =— H A ( 3, 

i '  w  (  3 , 3  , ,v  )  =  h  a  (  3  , 

MV  (  1  ,4  ,..  )  -  p, .  n 

M  \l  (  2 , 4  ,  )  =  K  I  P  , 

?00  I  0/  (  3  ,  u  ,||  )  =  H  A  (  7  , 

i»  X*  Sjl  5|*  #,*  »i*  1,5  5,5  5^5  5j»  5jl  5, '5  J,;  }J;  ;f*  ^ 

OR  VP  |  p  f.  PMTPR  'V 
ARPAU=R.0  'AR  TA 


) 

)  “?,  AvB  A  (  p  ,  i.  ) 

)  s.- 4  .  n 
)  S=4 , 0 

*  *  * *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  ,s  *  *  *  *  *  *  *  *  ... ...  ... .  . ...  . 

p,  STRA  IiM-m  s°  .  A  T  P  I  y  An  H)  1P1A^.^,|.F  STlPFivHSS 

*’*  a*  *•*  *•*  V  V  V  *i*  v  5,»  »Il  5l5  j!;  5*;  V;  5;  »•?  »»»»*{  ,  »•.  .■*  %v  j,  ,1,  -  .  .  , 

r  ^  *  *  .  ^  -*5  5?  ^  ^  *•,  j,  ^ 


r 


f>i)  300  1  =  1,4 

I l =MP( I ) 

Sl(l, II)  =  S  T  (  l  ,  I  I  )  +  (  (  M(  ?  ,  I  ) +U(  3  ,  I  )  )  /  APP  AR  ) 

-S  K  ?  ,  I  I  + 1  )=  S  T  (?.!!  +  i  )  +  (  (  V  (  ?  ,  I  )  +  \t  (  3  ,  1  )  )  /  a  P  P  A  p  ) 
S  1  ( 3 , ! I  )  =  S  T  ( R ,  I  I  )  + (  ( V ( ?  ,  I)  +v ( 3.  I  )  )  / APR AR  ) 

SK3,II  +  l)=ST(3,I  I  +  l  )  +  (  (M(?,  I)+M(3,  f  )  )/apfah) 

SMM|I  =  |I(  1  ,  I  )+n(  ? ,  I  )+ii(  3,  I  ) 

Slll-l  =SMM(|  +  (I(  1,J) 
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f 


r. 


300 

400 


MH-  P  =  5.1  IMI  i  +  l  i  (  ?  ,  I  ) 

S l  3  =  M  i- 1  '  +  i  I  (  3,|) 

SI  lf-V  =  x/  (  1  ,  I  )  4V  (  ?  ,  I  )  +  V  (  3  ,  I  ) 

s v r. i  =  si  if  v  4  v  (  1,1) 

SW|.  ?  =  Sllf-'.v,  \I  (  ?  ,  1  ) 

S  V  M  3  =  S 1 1  f-  V  4-  V  (3.1) 


IK)  300  .1=1,4 

J.)  =  NP  (  .1  ) 

UOIlrIK  1  ,  J  )  VSIIM1 
VOIlsV  (  1  ,  J  )  -  SUM! 

vnv=v<  i ,  i )  - s v f<i  l 

l)OV  =  ll(  ]  ,  .1  )-SVMl 


4 

4 

4 

4 


II  (  ?  ,  .1 )  -Si  II-  ? 
V  (  ?  ,  .1  )  -SUM? 
V ( ?  .  J  )  -S VM? 
U ( ? , J ) -SWM? 


+  III  3,.)  J-SIIM3 
+  '/(  3,.))  MSI ‘M3 
+  V  (  3  ,  .1  )  *SW|.,3 
*  IK  3,  .1 )  -S\/U3 


SI  I  I  ,J.I 
S(  I  I  4-  I  ,  .1  J  4-  1 

Sill  ,.).J+1 
•S  (.1.1  +  1  ,  !  I 
RMlJRW 


=  S<II  ,.),i  )  +  f.  1 1  Anon  +  r.  l  3m  ( \/oij4-i  io\/ )  +  C33*ynv 

=  S  (  I  I  4  ]  ,  ,|,)4  1  )  4-  f.  ?  ?  "  W'V  4  0?3-  (  ViU\  +  IIM\/  )  +  f_  3  3  !•;  I  !  (■>  |  I 

=  <:><  n  i.i4-i)  4-  r?  -  mvov  +  r.i3*iioi)  4  r.  i  ?*yoij  4-  r.33*nov 

=  S(I1  »  .  I .  J  4  1  ) 


* 


FMP 


•V  **.  ,V  .•>  ,1,  »•»  O,  «•.  ,1,  «•#  J.  ,1,  ,1,  ,1,  J,  ...  ,  , 

*  '•*  •» . ...  ...  r#:  v» 5,: t;. 5 ,t  5 


« 
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SI  M ' K l  It  I  I  I  *  e  HAi  V  ||. 


V  V  V  V  *»*  '♦»  « 


f_H  s  MI  *M  /HAMS/  *•  H  A  I’ll  I ,  f  1 1 V  h  I.  y  .  °  (  10W),M  1  0  H  ,  *1  u  ) 

f  ...  ;J;  Jj,  J*-  j;  ...  )J.  .  :  •';  -•  ...  .J.  ;  -  .J.  ..  ;■*  .j.  ;;  *  j|;  A  ^  ;|S  &  $  £  $  $  '*  X;  5?  't  :.;  S  V  J?  ^ 

f  I  Ml  T1  Al.  IZF 

(•$*#**  *  *  *  v  V  *  *  * !?  v  *  St  St  St  V  *  *  *  #  *  #  *  *  V  *  v,  3$##  #  #  *##  *  *  *  #  #*#*  *  *  *  y #$***#*  •■■  *  *  **  -V-  «  *  ‘ 

r  i  =  v* 

Ai|  =  Mf  ■+ 1 

r  i  - 1  +Mf>i 

H  I  /  l  I)  P 
M  r  le  I  All)  y 
Is'  H  =  0 

r-11  Til  1  ?n 


Mill-  I  m  L  ■  i  f.  K  I  (  t-  ■  i  i  A  T  1 1  ■  ■  V  M  1  >  Wi-Aii  I  hxT  H|.  PC  *  inn  rn^ 


mo  i  ;  n  ■■  -  i  ,  •'■  ■• 

M'.'rMi  +M 

H  (  M )  =  H  (  K'M  ) 

M  (  M  A  )  =  0 . 0 

nn  im  m=i,m^amit 
a  (  M  ,  M  )  =  A  (  Mil ,  M  ) 

A  (  CM  .,  M  )  =  0.0 

II-  (ivii)MHLK  .HO.  fill  fU  200 

pi  A|)  (0)  I R(M) . ( A( M,M) ,M=1 ,MWAND) ,M=NL ,PH) 

II-  (Hr  .Ml.  n  )  Oil  Tit  1  00 


I  (-Hi  1C  P  l1  L  C  T  k  I'H  H 1 1|  I A 1  ]  (!!•  S  ,  |of-l\  MW  1  I  H  TMH*'  no  TADF 


i  n  i  i"  =  ]  .1  i 

It-  (  AIM,  1  )  .I-o.  ).n)  OP  TO  2  3 0 

P ( V ) =H ( M ) /A  I M  ,  1  ) 
ini  22 0  l_  =  ?,'-'WA.  i 
1  H  (  A  (  m  .1  )  .  ho  .  n  n  )  Oi  i  To  2  20 

C  =  A  (  M  ,  L  )  /  A  ( i  xl ,  )  ) 

I  =  m  +  L  - 1 
J  =  0 

011  210  K  =1  KAMI) 
vJ  =  .  I  +  1 

All,  I  ) = A (  I  .  J  )  -0=0  I  h  ,  K  ) 

M  I  )  =  K  (  I  )-A  (  I  .  I.  )  -1-'  I  1  ) 

A(i  .  L  )  r  C 

0.0  •  1  I  HI  II- 

niMT  i  H'IIh 


^0^ 


C.  ***  *•* 5' 

C 

C 

iino 


IH  (|.ijhi,.j_k  >■•«)  Oil  TO  tno 

WP  I  TH  (W)  (  P  (  )  ,  (  A  (  M  .M  )  ,  M=?  ,  i-'W  AMI)  )  ,  M=  1  .  MM  ) 

Oil  in  100 

RAI.K-SIIWST  I  TO  I  I  om 
|  III  3  20  M=l,M'\' 

n  =  n+ 1  - 

nn  310  k=2 ,mu ai>ii) 

L  r|  i+K-  1 

H'  I  M  )  =  H  I  M  )  -  A  (  lv  ,  *  )  *  O(L) 

NN  sN  +  NH 
H  I  f 1 M  )  =  M  IM  ) 


Ml  111  400 


A  (  MM  ,  Mf<  )  (  f.,  ) 

I  ^  (oo  .  f-n.  o) 

0  A  f.K  S  *J  A f  f-  H 
V  I  A  |)  (H»  (  M  (  M  > 

KAf.KSPAl  h  h 
no  TP  300 


(  A  (  i  I,  M  )  ,  M-?  ,  M'  AMO  )  ,Mr] 


. .  's v  ^  V  V  ...  ...  ^  ...  .. ... ...  ., 

MM-  I  •MW  IS  1  M  0  AHHAV 

£ ;;t  j;:  v  f.  ,>  ... ... ... ... _ _ _ 

AGO  K  =  0  . 


PM  A  10  =  J  ,MIIM<| _K 

PM  4)0  lv  =  1  ,  MM 

N  i-l  --  M  +  fvi  M 


K  =  K,  +  1 

A  1 0  H  (  K  )  =  A  ( |. if.-. ,  f ,-p  ) 
P  hlllHM 


$  1 1  h  R  i )  i )  T  f  m  £  I  .srpsi. 

,t  *  it  ;;s  :,s  j;:  if  if  if  j|: *  -  j,  *  *  *  *  if  if  if  if  H  if  it  if  it  if  :|s  if  if  *:  £  *  if  if  if  *  *  »  *  *  : 

HHl'H  1  R  )  , Ml infc L  T  ,  NOMMPT  .  N  JI1 T  NT  ,  NPI  INCH 
NPN(?75.M  ,HRi)nnn,?)  ,  XC.P  (  ?75  )  ,  YCP  (  ?75  ) 
r  x  (  300 ) ,  hy  (  3 on )  .momrc ,  n«c  i  i  nr  ) ,  mf  j  x ( i on ) 

mrAnm.mi  IMWI.K  , 'J  (  1  PR  ),  A  (  1  OR  ,  54  ) 

ML  AY  ,  L  M,  Ml  if--  EL  » MCI  IT  ♦  •vomnP  ,  MPS  ,  Mill*  I  T  ,  IT 
MR  ( 5 R  )  ,NliO(  Sn,‘j) 

'■  *t_ «■'  (  97  p )  ,  •; i-(  1-  a  v  (  r/H  ,  Rii  I  <;  (  ?  v‘j  j ,  (  1 0  ) ,  m ,  1  1 

cons, cuff  no)  .Hvpiini  ,nni  1  0 )  ,or<  10)  .ffiioi  * m 7  dmf  s 

PCI  1  0  )  .  PM  I  (  10)  ,«F  (  10).  OF  w  I  1  1  n  )  ,  0F\/?  (  I  0  )  ,cnnF  (  JO) 
r.l  (  10)  ,PMJ.|(  JO)  ,  AMP. 1 1  10)  .R.JTl  m,M  ,MJT  ,  C  AMI-1 
^(in,io),sT(3.io),r(3»3),p(iO)tMP(4), vni ,  1 ,  j ,  k 
STPFSS ( ?7S,3) ,S|CCi  .MARIOS 
S  I  0  f  3  )  ,  FPS  (  3  )  ,  <  h),nni4| 
sn;i T(  ?75,n  ,hPS!Ti ?75,3 )  ,oispt  r <  300,?) 

STP  A  I  Ml ?75. 3) , HI SP (  TIP, ? ) 

(  SI  R  A  I  At.  A  (  1000)  I  t  (  HI  SP  t  A  (  ?000  )  ) 

( SI  01 1 . A ( 3000 )  )  ,  ( FPS  I  T  » A ( AQOP  )  ) ,  ( n  j  SP I Tt  A ( 5000 )  ) 

:  if  if  if  if  if  if  * if  if  if  if  if s|s  if  if  if  s;:  # ;f  if  sf  ,f .v  ... ..; .-  ,.. ...  ^  ^  )  ;  ^  *  ... ...  ... ...  ... 


p  if  if  if  if 

n  im mi  in 

/INI T / 

COMMUM 

/MPFL / 

f  Ilf  MON 

/MPRC/ 

COMMON 

/RAMS / 

Cl  IN  Ml  IN 

/  C 1 1 T  1  / 

fl  l  Mi  l*i  f lr  1 

/COT?/ 

r.l  1  -  r- .  - 

/ r  Al'/ 

fill-  Ml  IN 

/MAT?/ 

COMMON 

/MAT3/ 

COMMON 

/ m  A  T4  / 

COm  Mr  in 

/I.  ST  1/ 

CON  NON 

/STMS/ 

nm-MSiii'v 

01  Mp  NS  J|l|\i 

1 )  I  i'i  F  it  SI  IIN 

FOUI VALFnCF 

F Hi  1 J  V  A 1.  FNf,  F 

1*  '1'  V  *1*  '1'  '1*  «V*  -i' 

c 

INI  11 ALIZF 

P  »*#  *'#  .*♦  N1 

l/rr  v  -»'  » 

•  •».  •x'  ^1'  »•»  »,»  »,* 

i,.  Y  »,*  . 

'«*  V  V  '1*  * 


•  «i»  v  v  v  v  '1^  v  *»»  v  v  v  v  *J*  *«*  v  *!»  *<•  v  v  Jjj  2J1  jjt  -|f  i’f  jj;  jJj  jJj  5jj  #j£  SjS  Sft  5*t  »*£  .<«  o.  »j»  *»,  »v.  » 


100 


1 10 
1?0 


IF  (LM  .CT.  ]  .HR. 
Of)  100  M=1,M!)MMPT 
(in  100  M=l,p 
01 SP I M,M ) =0. 0 

nn  iin  m=i,miimflt 
no  110  m=i,3 

SIR  A1 N ( M ,M ) =0. 0 


IT  .  CT.  1  )  r,n  TO  1  ?0 


nn 


1)  00  TO  1  AO 

(  (  STR  A  I  |\i  |  M  ,M  )  ,M=1 ,3  )  ,M=1  , M I ! f' F L T  ) 
((  OISP  (  M  ,  M  )  ♦  M=  1  t  ?  )  «  M  =  1  T  MIIViMP  1  ) 
1)  oil  Til  300 

N'=1  » N 1 1 M  F  L  T 
(•'=1  ,3 


150 


?on 

f*„  *r  *r  »»»  5j*  ■ 

c 

r«<>  »•»  »<#  «<*  • 

v  #,»  *,•  V  . 


300 


310 


IF  ( LN  .  F  O 
RFWImD  4 
R  F  All  (4) 

R  F  AO  (4) 

IF  m  .  CT 
1)11  150 
no  no 
s  1 0 1 1  (  m  ,  m  )  =  n .  n 

FPSI  T (o,M)=0.n 

Sir  n  (  N,M  )  =STR  F  SS  |  M.wt ) 

FPSI  1  (  M  ,M  )  =STR  A  I IV  |  M  ,  i'i ) 
no  ?00  M=1,M0-.MP1 

no  poo  m=i ,? 

m  SPIl  (m,  ..  j  =o.n 

Ml  sp  n  (  M,  V  )  =  01  SP  (  N  tM  ) 

i: *  #  V  *  if  if  if  if  if  if  *  if  if  if  if  if  if  if  if  if  X-  if  if  if  if  if  if  a  if  if  if  if  it « if  if  it  if  if  if if  if  if  -f  *  it  if  : 

CALCHLATF  TM  F  0  I  SP  |.  AT.  F*'FmT  S 

(;  si:  if  if  it  if  if  *  if  if  if  if  j;;  ::  if  :.t  *  i;t  if  if  if  if  i,t  tf  if  #  ;;; ;;; s;:  ;;;  v  v  v  ^  ...  .;.  o. ...  w  o.  o.  .j.  .. ... ... ... ... , 

Im  ( l»l  livlL  l  m  .FO.  0)  CUM  S  T=f.OFF  (  1  )  /  (  S  I  OP.  L’-R  AO  1 1 1 S  ) 

IF  (  MONL  I  M  .FO.  1)  f,OMST=  (f.OFF  (  1  )  "-CONS  )  /  (  S  TGCL^R  AI)I  OS  ) 

I'll  340  M=  1  ,.MI  IMMPJ 

IF  (IT  .1.1  .  M>  If  I  1  )  0(i  JO  310 

X  M  =  M 

X  X M  =  1 1/50 

IF  (XXN  .FO.  (XM/50.0)  .OR.  M  . FP.  1)  PRINT  1000 
|)X  =  B  (  ?=sn-j  ) 

I ' Y  =  R  (  ?-;-n  ) 

ni sp (m. ] ) =01 -pi m , j j  +  nx 
ni sp 1 m, p  ) =n 1 sp ( m, ?  ) +0 y 

IF  (IT  .FO.  NIIMT1  )  ni  SP  (N,  1  )  =ni  SPIT  (N,  1  )+nx 


-  280  - 


■$4  0 

r 

C  -  ***  = 


I > V  ,  1  I) 

AIMS 


101* 
0  )  ) 


*  ^  ^  1  *  ^ 1  •  ^  '  O  M  i  S  <'  (  M  ,  7  )  =1)  I  SP  n  (  hi  .  ?  )  +()Y 

1  l)-sr,p  I  (  n  r  ^  P  (  M  .  1  )  ft  7  -H  !  I  MM  f,  ,  ?  )  , 

I  (*  (  1  1  -IT.  Mil'-'  I  I  )  00  10  340 

OF  -  X-01 SP ( o,  ]  j  :;-r  Mr  1  s  T 

oi  ^y-oi  sm  (hi,  ?  )  r_ i  is] 

I  M  1  1  00S  ,  I': .  (  n  F  SP  ( i  i ,  M  )  .f 1=  1  ,  7  )  ,  n  1 1-  X  ,  0  I  MY  ,  OY  , 

)  C.MM1IMIIF 

0  A  L  C  0  L  A  7  f  T'lP  S, PUSS'S  AMO  ST'-’A  IMS  ,  pf*  F  M  I  c,Tp 
*  *  *  *  *  >  •  ••■ - :  ••  >:•-  >;••  v  * -■.-  *  =..  =:.  s  -  * -  v  * .,  - .. ... ... ... .. .. ... ;  ‘ ... 

00  4S0  M  =  )  ,M|ipf  |  t 

ip  (ii  .ii.  mi-mi  i  j  on  in  non 

YMrM 

YYM=m/.,|) 

II  (  /  T  «  I  0  .  (  Y h1  /  *j o  #  o  )  .MR.  M  .  F  O  .  )  )  up  J  a  | 

)  M  1  Y  P  |-  =  i  ipi'i  (  hi ,  •>  ) 

F'  OO  ? .  o milk  (  I  ;  ( ]  . n  +  pi i  j  sim)  )  ^  (  i .  0-? . o;;  pn i  s  ( i 

>  0(1  4  03  1  =  1,3 

SK,(  I  )=o.n 
F-  P  S  (  I  )  -  n .  o 
01)  AOO  .1=1,1  0 

1  S 1  ( I  ,  j  )  =  n .  n 

IT-  (1-ilYPF  .OF.  iMjnpiT)  r;n  if.  440 
IF  (h'PM(N.A)  .OF  .  0)  no  Til  440 

CALL  LSmiAIMf'1 ) 

Of  I  4  10  1  =  1,4 

I  1=2*1 

J.l  =  ?>-  f-  P M  (  hi.  I  ) 

P  (  F  I  -  1  )  =  o  (  .  ( j  -  )  ) 

P (  FI  ) =H ( J J  ) 

00  470  |rq,)0 

P  (  I  ) =0.0 
K  K  =  F  -  1 

00  4  70  K  =  1  ,  KK 
P  (  I  )  =  p  (  F  )  -  S  (  J  ,  K  )  p  (  K  ) 

00  430  1=1,3 

00  A  30  K  =  1  ,  1  o 
L  P  S  (  I  )  =  F  u  S  (  I  )  +  s  T  (  j  ,  k-  )  :.:  p  (  i:  ) 
f  if  i  4  4  <i  r  -  i  ,  3 

nil  44  0  K  =  1  ,3 

S 1 0 ( i ) r  s i n ( i ) +  r ( i ,k i sfpsik \ 


S 1  R  F  S  S  (  '  i ,  I  )  =  S  T  p  F  S  S  (  hi ,  F  )  -  S  I  0  (  T  )  i 
ST  P  f-  S  S  (  M  ,  J  )  =  S  I  0  I  T  (  im  ,  F  )  -  S  F  0  (  J  ) 
s T p  A  I  hi  (  n  ,  I  )  =  s  r  p  a  F  m  ( h. ,  F  )  -f  ps  (  j  )  * 
^  T  R  A  J  M  (  h  ,  I  )=FPSIT  (n,  I  )  -  (-  u  s  (  l  )*; 


,  FY  (0  )  ,  'M 


Ilf) 

4  4  ^ 

1  =  1,3 

I  p 

( 1 1 

.  L  F  .  •'  Of-  11  ) 

I  F 

( 1 1 

.  1-  0  .  MOM  I  T  ) 

I  F 

( i  i 

•  IT.  MON,  J  T  ) 

I  F 

( 1 1 

.  i-0  .  Ml'-'  I  1  ) 

cm  i  <-  \ 

iF 

on 

Hi  4 

4  R 

fin 

44  ! 

I  =  I  «  ? 

S'.RPSSfh',  I  )=o.O 
STRAP  (''’i,I  )=0.0 

F  =  (  S  T  R  A  !  M  (  N  ,  ?  )  4  s  1  R  A  I  h.  (  h  .  ]  )  )  /  7  .  n 
F  =  (  S 1 R  A  I ; .  ( i', ,  ?  )  -  s  t  u  a  1 1.-  (  \> ,  l  )  )  /  7 .  n 
r,=  SOR  1  (  (  S  IP  A  I  M  (  .1 , 3  )/?.(■•  )  +  ) 

on ( i  )  =>■  40 
on  (  7  j  =p-(. 


-  ?R1 


oo(  3)  =  ?.n«r, 

if-  ni  .lt  .  mijmi  t  )  no  m  aso 

p«  INI  101*5  ,  m,  Fi-nri,  hulk  (N  )  ,Sp*faq  (  w  )  ,  P(l!  S  (M  )  ,  I  ST'->  A  Jm  I  M  .  h )  t  P'  =  1 , 3  : 
1  (00(  L  ).!.  =  !  ,3)  »N 

Ml  TO  ASO 
A<£»<)  pp  [Ml  1017.  M 
a  so  Cm  'll  mi  i- 

C  »•  •'*  •>< 

^  V  V  •I' 

(  C  a  i .  c  *'  i  a  1  •-  dp  i  rii'M  st^s^-s  a  ••  •  i  dp  i  Mj  ,  r./'i.r.oi.A  FA  »  fm  f  a  n  mi 


nil  A 7 0  i  ■  =  i  . i- 1 1 »'  F i  t 

I*i  T  Y  P  F-  =  fv  P  (•'•**>) 

I A  (IT  .IT.  IMTT  )  Ml  Til  ASS 
7M  =  fM 

7  / .  i  =i.i /*,n 

I  F  (  7  7  N  .PM.  (  7  S'  /  S  o .  0  )  .fip.  M  .fo.  1)  DP  I  NT  1P?5 
A*)S  IF  (  ivpc  #0F.  M.llUWT)  on  T'l  aaq 

C  T*  (  S  T"<  F$S  <  v  f  ?  )  + V  f&F  *S  (  h-  ,  1  )  )  /  ?  .0 

II  =  I  $  1  R  P  C  s  (  c.  )  •>  F  S  S  (  .  i  )  )  /  7  .  n 

O ( 3) =SOPT ( ST ppsk ( n .3 ) **?  +  0*#?) 

0(  ]  )  =  C  l  +o ( 3 ) 

o  (  ?  )  =C  T-0  (  3  ) 

0( A  )=0.0 

IF  (S1PFSSIM.3)  .FO.  0.0  .AMO.  n  .FO.  0.0)  Ml  TO  ASS 
0(A  )aqn.  0/3.1  AltsupfcbMA  TAN  ?|-ST«FS.MNf^)  ,f)) 

AlA  of  VS  TP  =  0  (  1  )  — O  (  ?) 

IlF  VFH  =  [)FV  1  ( F'TYPF  )  +  l)p;  v?  (  F  TYPF  )  #0(  ;> ) 

I  F  (  OFVFH  .0,  I  .  0.0)  r,n  Til  A s 7 

STPLFV=0.0 

OFVLFV=0.0 

Ml  TO  as» 

A S 7  I  iF  VL  F  V  =  i  IF  T  '<  /  oh  V  F M 

S  T  P  L  F  V  =  i )  F  V  I.  F  v  /  P  F  (  p  T  Y  P  F  ) 


ASS  IF 


IF  (II  .LT.  Ml  iv  IT) 
IF  (0(7)  .  *-0.  0.0) 

IF  (0(7)  ..iF.  0.0) 

r,i=o(  i ) /si or. I 

n  7  =  o  (  ?  )  /  S  !  r;  c  L 
07  =  0  (  3)  /  sior.i 
PP I m  1 030 .  M.  ( STW1 


Mi  TO  afo 

O ( S  )  =P4Q  .q^o 

0( S  )  =0 (  ]  ) /O ( 7 ) 


(  ST«r  SS  (M.m  ).('•=]  .3  )  ♦  (  0(1.  )  ,L  =  1  ,  5  )  ,  STPI.FV.0,1 ,07,03,  N 


ooms)  r-n  Ti ’  sa7 


IF  (  Ml  1  l-.l  L  I  "•  .r-O.  O)  Ml  TO  u'l  o 
IF  (  0  (  S  )  ,Fn.  uqo.qqq)  OR  III  i70 
IF  (  S  T  P  I.  F u  ,i.T.  l.O  .AMI.  SmhAP(M)  ,0T.  0.0)  Ml  TO  A  A  S 
WAP ( O ) =0.0 
OH  Tm  ul  o 

If  (0(7)  .op.  r.Or.'S)  Ml  T' '  sa7 
F  IN  I  T  =COi'  «;  *-f  I  'FF  ( TVPF  ) 

PII !  SI  =00  (  •  T  Y  p  H 
r.t\  iii 

F  I  iv  I  T  =01  iHS -d  it-F  (  R  T  Y  P  F  )  *  (  (  0  (  ?  )  / f  1 1 v  * *  p  y  p  ( f«-  t  Y  P F  )  ) 

p  1 1  si  =*"G  (  '•  1  YPF  )  -i-r  (  Ml  Y  PF  )  =.:.\|  I  lO]  0  (  Of  ?  )  / r I  ,mS  ) 

FN(H)  =  F  I  •  1 1  T*  (  (  1  .  0-OF  V  L F  V  "f.O'i  'P  !  M T  Y Pp  )  )  vv?  .  0  ) 
i  l  SAY  =  !'F :  VS  T  P/  (  F  !  I!  II  v  (  1 . 0-OF\/..FV  )  ) 

PHI  s  (  N  )  rPO«I  S  I  /  (  (  1  .  n-OO(MTYDF)=;-POSAY)SY?.0) 

IF  (pniS(r')  ,  0  T  .  0.400)  =0 1  S  (  m  )  =0  .  AQO 

SFI  AP  (  H  )  =F  111  /  (  7 ,0-V  (  1  .  0  +  P 1 1 1  S  (  N  )  )  ) 

HULK  (  i'  )  =Si-*F  AP  (  Si  )  /  (  1  .  0-7  .  OcPIl  I  S  I  N  )  ) 

Ml  Til  A 70 


4  6  o  u  r  i  m  i  i(i7 
4  (o  Cl  l  •  r  I  f»l  11- 


I  F  .  (P,  jo  7  ( i','  r  s  )  (-.  A ,  |  .ITS  TP 


600  R  t-  v-'  1  1 1  4 

HP  I  T h  (4  ) 

HP  I  1  I-  (  4  ) 

IP  (LN  ,  HP 
f’f  INCH  103s 
f’llMCH  10  35, 
PlJi'iCH  1035 
PI  M'iC*-*  1040, 
R  F  TURN 


(  (  S  i  P  A  I  f\i  (  f.j  ,  M  )  ,  M  ~  1  .  3  )  ,  M  =  ]  ,  M(  IM  P  |_  J  ) 
((  I) I  So  (  N  ,  M  )  ,  .1  =  |  ,  ?  )  ,  >  -]  ,M(||  ^  PT  ) 
OLAY  .np.  I]  .iif-  M|  jm  |  T  _np.  mi 


'Lay  .n*.  !  1  .OF.  Mll«)T  .1"'.  MPili-'CH  .NF.  1)  dpTiidm 

1  1  »  Yf ,P  (  1,1  )  ,  Vf,()  (  |\|  )  ,  (  S  TP  A  I  I  1  |  i >  ,  M  )  ,  |.i  =  1 , 3  )  ,  M-  ]  t  |M|  |f/,p  |  1  ) 

(  N  ,  X  r  P  (  1-1  )  .  YCP(H)  ,WI|.K(N)  ,SmPAP(M)  ,  P  0  T  S  ( I'l  )  ,  N  =  ]  ~  M 1 )  m  F  I  ■,  , 
. . ’ 


1000  KIP  MAI  (  u  f  ,  1  f,  a  ‘  v  r  .  ' 7. "  V.  *  *  .  *  *  *  V  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  * 


1005  Fin-' MAT 
1010  FORMA  1 
1 
? 

1015  FORMAT 
i 0 1 7  FORMAT 
lO,""-  r  OH  MAT 


1030  FORMAT 
1035  FORMAT 
1040  FORMAT 

Ef  I) 


NU 
F  P  S  -  3 


FPS-X  , 

G AMM AX  elf/ 


:v;\,  r1"^  V"'H^  '>'»  x-nisp'n,«"M'o';Fp, 

'  rLlc~*  IJHL1,-'-.  TOTAL  x-FI1»CF  , 

1  4  H  V  —  f- f  I W  f  h  HP  /) 

(  I  4 , 1  P  q  p  ]  1 . 3  ,  I  4  ) 

(50HH  LF  Pi  AS  MOO  «MJ|.K  MOD  SHEAR  MOD  Nlj  FPS  X 

F4H  PPS-Y  GAM-XY  F  PS- 1  ppS-3  r  AMM  A  V  p  1  r  , 

58X,?3H  STRAINS  ARF  IN  PFPOFMT  /)  3  ’  ELF/ 

U  4 . 3F 1 0 . 3 . F  6 , 3 ,  1 P6F 1 0 . ? , J  4 ) 

(I4.36H  1-f)  DISCONTINUITY  FI  F  M  c |m T  ) 

(54H1FIF  SIG-X  SIG-Y  TAIJ-XY  SJG-1  S1G-S 

SOH  1AU--AX  THFU.  MCI,?  IKFL  MC]  lr„r 

1?M  TADm/CI.  F I  F  /)  1/L-  SI  '■1/CL’ 

(14,1 P4F  10.?, O P 4 F  F .3,14) 

(I  10, 5F l 0,3) 

(  I  10,4pm, 4  ) 


; ;!c  i|{  i1;  . . «,  . . . . .  .  , 

»,*  ^  ^  J|%  »|j  w  ;J;  j|j  **.  *4  ... 
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SUHRmillMF  JTSTK 

f*  ^  -1;  *  3  *  *  *  *  *  *  *  #  #  = *  *  $  *  *  *  *  *  -r  #  *  £  #  *  *  *  :|:  *  ft  ft  *  *  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  *  ft  ft  ft  ft  ft  !;t  ft  ft  ft  ft  ft  ft  ft  *  ft  ft  ft  ft  ft  ft 

CUMMIN  /  1  M  I  T  /  MFD  (  1  H  )  ,  Ml  | M F |_  T  ,NI|MMP  T  ,  N.IO  FMT  *  NPI  INCH 

COMMON  /  N  P  F  L  /  MPN  (  ?75 ,4  )  .ORf)(  300,?  )  ,  XC.P  (  ?75  )  ,  YCP  (  ?75  ) 

COMMON  /PANS/  MRAND ,MJM«LK  ,  P (  10H ) , A (  1  OP , 54 ) 

COMMON  /MAI  1/  PIILKI275)  ,SHFAR(  ?75)  ,POJS(?75)  ,GAM(  10)  ,NONLIN 
f  MMmiim  /MAT?/  CONS.  CUFF  (  1  0)  ,FXP(  10  )  .  1)0  (  10  )  ,  GG  (  1 0  )  ,  F  F  (  1  0  )  ,N70NF  S 

f  I  IMF  00  /MA  14/  C.ll  1  0  )  .PN  I  J  (  1  0)  ,  A  v'G.I  (  1  0  )  ,  P  J  T  I  1  0 , 4  )  ,  M  JJ  ,0  AMO 

C"vv"1'  /^T-1^/  STPF  SS(  ?75 . 3  )  .  SIGCI.  ,p  AOTiiS 

II  I  4  )  ,V  (4  ) 


DI  N  t  i  »S  I  1 hx1 

f,  *1'  *t*  *«*  *1*  V  *»*  '|»  *i*  *i*  V  »,»  »(•  »,»  V  *1*  *1*  V  »,*  V  v  • 


»  V  »l»  »«*  « 


,s ft  *  ft  ft  ft  ft  ft ft  ft  ft  ft  ft  V  ft  ft  ft  ft  ft ft  ft  ft  ft  ft  ft  ft  ft  ft  j;:  ft  . 


r  * 


CALCOLAlF  NOWMALIV)  +  TANGENT I AL ( 0)  0 ! SPL ACEMFMT S 


•I*  v  *i’  »•*  ft  »!*  5,5  5|C 


»,%  „f 


print  lrmo 


:: - :  ->- ~  V  s*  5?  ft:  ft:  ft ft:  ft:  ft  ft:  ft:  ft:  ft  ft  ft ft: ft  ft: ft:  ft:  ft  ft; 


00  500  0=1  ,M|IFiF|.  T 

MYPF  =  OPO  (  o  ,  5  ) 

IP  (  M 1 Y  P  F  .LT.  O.IOIMT)  GO  jo  500 
Ih  (  Fi P M  (  |m  ,  5  )  •  F(  1 .  O)  Gil  TO  100 

PR  I  Ml  1010.  l\l  ,  R 1 1 1_  K  (  M  )  ,  S  M  F  A  R  (  N  ) 

GO  TO  500 


100  !=MPM(M.l) 

J=NPN{N,? 1 

nx=ORD( J, 1  ) -DR  n (  1,1) 
DY  =0R  I)  (  ,1 ,  ?  )  -OR  D  (  I  ,?) 

Ol  =  sor  1  ( nx*DX  +  i)Ywi)Y  ) 

l)X=DX/DL 

0Y  =  ()Y  / 1 ) L 

on  i?o  i=i,4 

K=MPF.  (|\|,J  ) 


V  (  I  )  =-F  (  ?‘-:-K-l  )  *|)Y  +  m  ?#K  )  *:•  f ) X 


c# 

c 

c* 


1  ?0  1 1  (  I  )  =  R  (  ?ft=K-t  )  -IIX  +  R  ,  ?*«  )  *DY 

*  * *  *  s;:  s;! v  *  s'! }X  *  *  v  •.<  S?  *  *  •-;!  :;t  *  :*  *  *  *  :f  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft ft  ft  ft  ::  ...  .. . ... ... ... ... 

C.  A|.C,  S  1 R  A  I  N  S  +  5TRF5SFS,  C.FiFCK  F  A  1 1  0  R  F  ,  C  A  I.  C  ,  M  F  W  S  T  I  F  F  M  F  S  R  F  5 

ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft-  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  ft  .;.  ft  ft  ft  ft 


F  P  S  =  O  .  5  *  ( I!  (  4  )  - !  I  1  1  )  +0  I  3  )  -I )  (  7)  ) 
FPn=0.5*( W(  4 1 -V (  1  ) +V ( 3 ) -V (  ? )  ) 


S  1  HESS  I  pi,  1  )  sST^FSM  hi.  I  )  -  FPM=;=WOI.K  (  m  ) 

STRF.5S  (N,2)  =  STRF  SS  (0.  ?  )  -  FP5#5HEAR  (m  ) 


A.\'G=Ph  1 .1  (  MTYPF  )  /  57 . 7Q5  7P 

S  TR  ffM=C.I  (  mTYPF  )  +5TR  F S S  (  M ,  1  )*M  M(  AMG  )  /COS  (  ANG  ) 

S  TRL  FV  =  AhS ( S  TR  F  SS( M , ?)  ) / STRFm 

IF  (  S  1  R  F  S  S  (  M  ,  1  )  .  O.  T  ,  0.0)  GM  TO)  ?00 

PO!  S  («'■)  =  )  ,n 

Gil  TO  7  70 

?00  IF  (S1RLFW  .IT,  1.0)  GO  Til  ??0 
PHI  S  ( 1 1 )  =  7 . 0 

??0  PRINT  1  0?0.  N  .  pi  >|  K  (  i.i  )  .  SH  F  AR  (  M  )  ,  PO  J  S  ( I'l  )  ,  F  PM  ,  FO  S  ,  SIR  F  S  S  ( I"  ,  1  )  ♦ 

1  STRF.SSI  hi,  7  )  ,  STRI  FV,M 

C 


?F  0  IP  (  p  1 1  s  ( .'I ) -l  .  o  )  400,^00,3)0 

300  HULK  (  F' )  =P.IT  (  Hi  YPF  ,  3  ) 

Shi-ap  (  m)=F.IT(  r  Y  J  F  ,  3) 

GO  In  son 

310  SHF  AP  ,M  )=F.IT  (  i'TYPP  ,4  ) 

GO  TO  5  00 
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